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Abstract 

Let J be an TO X m signature matrix (i.e. J* = J and — Im) and let D := {z G C : |z| < 1}. Denote 
by Vj,q{&) the class of all meromorphic m x m matrix- valued functions / in D which are holomorphic at 
and take J-contractive values at all points of D at which / is holomorphic. The central theme of this paper 
is the study of the following interpolation problem: 

Let n be a nonnegative integer, and let {Aj)J^Q be a sequence of complex m x m matrices. Describe 

the set Vjfil^, {Aj)^^^] of all matrix- valued functions / e 7^j,o(U) such that -^^ ^J^^ — Aj for each j g No,n 
where the notation /(■'^ stands for the j-th derivative of /. In particular, characterize the case that the set 

Vj,o[D,{Aj)'}^o] is nonempty. 

In this paper, we will solve this problem in the most general case. Moreover, in the nondegenerate case 
we will give a description of the corresponding Weyl matrix balls. Furthermore, we will investigate the limit 
behaviour of the Weyl matrix balls associated with the functions belonging to some particular subclass of 
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J-Potapov sequences, Weyl matrix balls 
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0. Introduction 

This paper deals with an interpolation problem for a particular class of meromorphic matrix-valued 
functions in the unit disk D := {z G C : |z| < 1}. This class is the Potapov class Vj{p) (see sectionjl]). It 
originates in the fundamental paper [ssj ] by V.P. Potapov whose investigations where initiated by the studies 
of M.S. Livsic ([iiQ,], [31]) on characteristic functions of nonunitary operators. 

Our interest is concentrated on the subclass 7',/.o(B) of all functions belonging to V,j{U) which are 
holomorphic at 0. Given a finite sequence (j4j)"^Q from C™^™, we want to determine all m x to matrix- 
valued functions / belonging to 7 0(15) such that their Taylor coefficients sequence starts with the section 

Interpolation problems have a rich history. Important results for the scalar case were already obtained 
in the first half of the 20th century. In the early 1950's a new period started, where interpolation problems 
for matrix-valued functions were considered. These investigations culminated in a series of monographs 
(see, e.g., Q, [l^)- An essential common feature of these monographs is that the considerations 

mainly concentrated on the so-called nondegenerate case which is connected to positive Hermitian block 
Pick matrices built from the given data in the interpolation problem. 
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The study of the degenerate case (where the associated block Pick matrix is nonnegative Hermitian and 
singular) began with the pioneering work of V.K. Dubovoj in the framework of the matricial Schur 

problem. In the sequel, quite different approaches to handle degenerate cases of matrix interpolation were 



used (see, e.g., |J|-l9|, [17|, Chapter 7], and [Sfl Chapter 5]). 



This paper makes extensive use of the authors' recent investigations [2^-[28| on J-Potapov functions, 
J-Potapov sequences, and their interrelations. For the basic strategy for treating the interpolation problem 
we draw upon the technique which was introduced in and [2^ to handle simultaneously the degenerate 
and nondegenerate cases in the matrix versions of the the interpolation problems named after Caratheodory 
and Schur (see [s^]), respectively. Our method is essentially based on our investigations on the J- 
central J-Potapov functions associated with a finite J-Potapov sequence of complex matrices. In particular, 
we will make frequently use of the matrix ball description of the elements of a J-Potapov sequence. The 
main results of this paper (Theorems 11.41 13.21 13.51 and 15. ip contain descriptions of the solution set of 
the interpolation problem under consideration in terms of a linear fractional transformation the generating 
matrix-valued function of which is a matrix polynomial. The canonical blocks of this matrix polynomial 
will be constructed with the aid of those matrix polynomials which were used in (28i] to derive right and left 
quotient representations of J-central J-Potapov functions (see Theorem l2.5p . 

This paper is organized as follows. In Section 1, we summarize some basic facts on J-Potapov functions 
in the open unit disk, J-Potapov sequences and their interrelations. These results originate from [26| and 

In Section 2, we study J-central J-Potapov functions. We verify that an arbitrary function / belonging 
to the class 'Pjfl{^) can be approximated by the sequence of associated J-central J-Potapov functions 
(see Corollary 12. 3p . Moreover, we recall the left and right quotient representations of J-central J-Potapov 
functions which were obtained in [2^ (see Theorem 12. 5p . These representations play the key role in the 
sequel. 

Section 3 is devoted to the description of the solution set Vj^lD, (^j)"^o] interpolation problem 

studied in this paper. This problem will be solved in the most general case (see Theorems 13.21 13.51 and 
[XTUD . 

In Section 4, we state several characterizations of the unique solvability of the interpolation problem 
under consideration. 

In Section 5, we treat the so-called nondegenerate case of the interpolation problem, namely the situation 
where some strict J-Potapov sequence (Aj)"=o given. In this case the representation of the solution set 
7^,7.0 [D, (A,-)"_n] contained in Theorem 15.11 generalizes the result which was obtained by Arov/Krein 0] 
(see also [la, Section 3.10] and ^21]). Moreover, we will compute the corresponding Weyl matrix balls (see 
Theorem [S^. 

The central theme of Section 6 is the investigation of the interrelations between the Weyl matrix balls 
which are associated with a strict J-Potapov sequence (Aj)"^g on the one hand and with its J-Potapov- 
Ginzburg transform (-Bj)"^o '^'^ ^^'^ other hand. The main result of Section 6 is Proposition 16.71 which 
contains explicite formulas which express several interrelations between the corresponding parameters of the 
two Weyl matrix balls under consideration. 

The final Section 7 deals with the study of the limit behaviour of the sequence of the Weyl matrix 
balls associated with a nondegenerate J-Potapov function /. Using the fact that the J-Potapov-Ginzburg 
transform g of f turns out to be a nondegenerate m x m Schur function and taking into account the 
formulas obtained in Section 6 the desired result on the ranks of the semi-radii of the Weyl matrix balls 
under consideration (see Proposition 17. 4p will be derived from the corresponding result for nondegenerate 
m X m Schur functions (see Theorem 3.11.2]). 



1. Some preliminaries on J-Potapov functions in the open unit disk and on J-Potapov se- 
quences 

Throughout this paper, let to be a positive integer. We will use the notations N, No, and C for the set 
of all positive integers, the set of all nonnegative integers, and the set of all complex numbers, respectively. 
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If s e No and k e Nq U {+00} then N^^k denotes the set of all integers n satisfying s < n < k. Further, let 
V) ■={z £C:\z\ < 1} and T := {z € C : \z\ = 1}. 

Let p,q ^ N. Then designates the set af all complex p x q matrices. The notation Opxq stands for 

the null matrix which belongs to C^^^^ Q^Yid the identity matrix which belongs to C*^* will be designated 
by Iq. In cases where the size of a null matrix or the size of an identity matrix is obvious, we will omit the 
indices. If A G C''^* then stands for the Moore-Penrose inverse of A. Furthermore, for each A g C^*, 
let Tl{A) be the range of A, let Af{A) be the nuUspace of A, and let || A|| denote the spectral norm of A. We 
will write C>^'' (respectivly, C>^^) to denote the set af all nonnegative (respectively, positive) Hermitian 

matrices belonging to C^^*. In the set C|^^ of all Hermitian q x q matrices we will use the Lowner semi- 
ordering, i.e., we will write A < B ot B > A to indicate that A and B are Hermitian matrices of the same 
size such that B — A is nonnegative Hermitian. Moreover, we will write A < B 01 B > A to indicate that 
A and B are Hermitian matrices of the same size such that B — A is positive Hermitian. 

Let n and pi, . . . ,p„ be positive integers, and let Aj e C^^^^' for each j e Ni^„. Then diag(Ai, . . . , An) 
denotes the block diagonal matrix with diagonal blocks Ai, . . . , An ■ 

If / is an m X m matrix- valued function which is meromorphic in the open unit disk D, then let 
be the set of all points at which / is holomorphic. Let J be an m x m signature matrix and let / be a 
C™^ "-valued function which is meromorphic in B. Then / is called a J-Potapov function in D (respectively, 
a strong J-Potapov function in D), if for each w; G the matrix f{w) is J-contractive (respectively, strictly 
J-contractive) . Here a matrix A e C™x™ is called J-contractive (respectively, strictly J-contractive), if the 
matrix J — A* J A is nonnegative Hermitian (respectively, positive Hermitian). For each m x m signature 
matrix J, we will use the notation 'Pj{^) (respectively, 7-'j(ID))) to denote the set of all J-Potapov functions 
in D (respectively, strong J-Potapov functions in D). We will turn particular attention to a distinguished 
subclass of Vj^Sl)), namely the class 

VjA^) ■■={ferj{B) : OeUf}. 

In the case J = I„i the classes 7'j(B) and Vj^i^) coincide. Indeed, 7'/^(D) is exactly the set Smxm{^) 
of all m X m Schur functions in B, i.e., the set of all matrix- valued functions / : D ^ (j^mxm -^pj^jgj^ ^re 
holomorphic in B and the values of which are contractive complex matrices. 

Observe that the well-known concept of Potapov-Ginzburg transformation yields an interrelation between 
the classes ■pj(B) and Smx,n{^) on the one- hand side and between the strong J-Potapov class 7^j(D) and 
the strong Schur class 5,'„xm(®) of / ^ Smxm{^) for which the matrix /(u>) is strictly contractive for 
each w € B on the other- hand side (see [2^, Proposition 3.4]). 

The sequences (Aj)^o '^^ Taylor coefficients of the matrix- valued functions which belong to the class 
Vjfii^) can be characterized in a clear way. In order to recall this characterization we introduce some 
notations. Observe that, for each m x m signature matrix J and every nonnegative integer n, the complex 
(ri + l)m X (n + l)m matrix 

J[n] := diag( J, . . . , J) (1.1) 

is an {n 4- l)m x {n + l)m signature matrix. If n G Nq, then a sequence {Aj)"^Q of complex m x m matrices 
is called a J-Potapov sequence (respectively, a strict J-Potapov sequence) if the block Toeplitz matrix 



'S'ri ■ — 



^ Aq Omxm ■ ■ ■ Omxrn\ 

Ai Ao ... 



(1.2) 



is J[„] -contractive (respectively, strictly J[„] -contractive). If necessary, we will write sk^^ instead of 5„ to 



\An An-l ... Aa J 

„] -contractive). If 
indicate the sequence (^j)"^o from which the matrix is built. 

For each n g No we will use Pf^ (respectively, Vf^^) to designate the set of all J-Potapov sequences 
(respectively, strict J-Potapov sequences) (Aj)"^q. From 27", Lemma 3.2 (respectively. Lemma 3.3)] it 

follows that if (Aj)"^q belongs to T^j^^ (respectively, 7^JJ„), then (Aj)^^q e Vj,. (respectively, {Aj)j^Q e 'Pj,k) 
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for each k g No.n- A sequence {Aj)°°^Q of complex m x m matrices is said to be a J-Potapov sequence 
(respectively, a strict J-Potapov sequence) if for each n € No the sequence (^j)"^o ^ J-Potapov sequence 
(respectively, a strict J-Potapov sequence). We will write Vj^ for the set of all J-Potapov sequences 
{Aj )°^Q and Vf^ for the set of all strict J-Potapov sequences {Aj )°^q . 

Observe that the concept of J-Potapov sequences is a generalization of the well-known concept of to x m 
Schur sequences. Here, for each k S Nq U {-|-oo}, a sequence {Aj)j^Q of complex m x m matrices is said to 
be an m X m Schur sequence (respectively, a strict m x m Schur sequence) if for each n € No,k the matrix 
Sn given by p.2[) is contractive (respectively, strictly contractive). 

Now we can formulate the Taylor series characterization of the class 7^x0(15). 

Theorem 1.1. Let J be an m x m signature matrix. Then: 

(a) IffeVM^ and if 

OO 

f{w)=Y,A,w^ (1.3) 

3=0 

is the Taylor series representation of f in some neighborhood of 0, then {Aj)°^Q is a J-Potapov 
sequence. 

(b) If {Aj)^Q is a J-Potapov sequence, then there is a unique f G Vjfl{Il>) such that il.S\) holds for all w 
belonging to some neighborhood ofO. 

A proof of Theorem II. II is given in [2^, Theorem 6.2]. 

Considering the special case J = Im one can see immediately that Theorem 11.11 is a generalization of a 
well-known characterization of the Taylor coefficients of matricial Schur functions defined on D (see, e.g., 
[H, Theorem 5.1.1]). 

The main goal of this paper is to give a description of the solution set of the following interpolation 
problem for functions belonging to the class 'Pj.o{^): 

Interpolation problem for Potapov functions (P): Let J be an m x m signature matrix, let 
n € No, and let {Aj)^^Q be a sequence of complex mx m matrices. Describe the set Vj,q [B, (Aj)"^g] of all 
matrix- valued functions / G Vj^iW) such that 

for each j g No,n where the notation /(-^^ stands for the j-th derivative of /. In particular, characterize the 
case that the set Vj^ [B, {Aj)^^^ is nonempty. 

The following theorem characterizes the situation that the problem (P) has a solution. 

Theorem 1.2. Let J be an m x m signature matrix, let n S No, and let {Aj)"^Q be a sequence of complex 
mxm matrices. Then the set Vj^ [D, (Aj)"^Q] is nonempty if and only if {Aj)^^^ is a J-Potapov sequence. 

A proof of Theorem 1 1.21 is given in j2^. Theorem 7.2]. 

We will now give some more notations that will be used throughout this paper. For each n e Nq, let the 
matrix polynomials e„,™ : C ^ crnx{n+i)rr, ^^^^ . ^ _^ j^(n+i)mx™ defined by 

e„,m{w) {I,n,wl„i, . . . ,w"Im) and e„,m(w) := (w w ""^/„i, . . . ,/„i)*. (1.5) 

In this paper, we will frequently use the notion of the reciprocal matrix polynomial. Let p,q G N, 
and let 6 be a p x g matrix polynomial, i.e., there are an n € No and a matrix B g (j^(n+i)px« such that 
b(w) = en.p{w)B holds for each w € C. Then the reciprocal matrix polynomial of b with respect to the 
unit circle T and the formal degree n is given by U"'\w) := B*en,p{w) for each w e C. If /? is the restriction 
of b onto B then let be the restriction of m"! onto B. 



Let J be an TO X rn signature matrix, and let k e Nq U {+00}. Whenever a sequence (Aj)^^Q of complex 
TO X TO matrices is given, then the following notations will be used throughout this paper. For each n G Nq.k, 
let Sn be given by p.2p . and let 

Pn,.J ■= J[n] — SnJ[n]Sn and J := J[„] — 5* J[„] S'„. (1.6) 

In the case n S Ni.k we will use the block matrices 

yn:= {Al,A*,...,Aiy and z„ := (yl„, A„_i, . . . , ^i). (1.7) 

If necessary, we will write yi^"^ (respectively, zl^^^) instead of ?/„ (respectively, Zn) to indicate the sequence 
{Aj)j^Q from which the matrix is built. Moreover, for each n G No,k, we will work with the matrices 

M — / ifn = 

J-AoJ^5, ifn = 

and 

W - ^o^^o - y;nl_i,j2/n, if n G Ni,, ^'-'"^ 

Observe that if {Aj)j^Q is a J-Potapov sequence, then for each n G No.k the matrices Ln+ij and i?„+i_j 
are both nonnegative Hermitian (see |27l . Lemma 3.7]). 

Let us now recall the notion of a matrix ball. Let p,q £ N, and denote by Kpxg the set of all contractive 
matrices from Cp^«. Then, for each M G Cp^"?, each L G C^^^p and each R G the set 

AiM; L, R) := {M + LKR : K G KpxJ 

is called the matrix ball with center M , left semi-radius L, and right semi-radius R. The theory of matrix 
and operator balls was developed by Yu.L. Smuljan [sl] (see also [3, Section 1.5]). 

In [27*, Theorem 3.9] there has been shown the following result which enlightens the inner structure of 
J-Potapov sequences. 

Theorem 1.3. Let J be an m x m signature matrix, let n G No, and let {AjY^^^ be a sequence of complex 
m X m matrices. Then the following statements are equivalent: 

(i) (Aj)"+o is a J-Potapov sequence. 

(ii) (Aj)"^Q is a J-Potapov sequence and A„+i belongs to the matrix ball 



Considering the special choice J — we see that Theorem II .31 is a generalization of a well-known result 
for m X m Schur sequences (see, e.g., [201, Theorem 1] or [H, Theorem 3.5.1]). 

The main goal of the present paper is to describe the set of solutions of problem (P). In particular, we 
will prove the following theorem, which is a generalization of [25, Theorem 1.1]. 

Theorem 1.4. Let J be an m x m signature matrix, let n G No, and let (Aj)"^Q be a J-Potapov sequence. 
Let the mxm matrix polynomials TTn,j, Pn,J, o'n,j, and Tnj be given by 

J Ao, ifn^O 

TTnjiw) .- I ^ w;e„_i,™(u;)(/,„ + 5„_iQ+_i_^5*_i J[„_i])2;„, ifneN, 



Pn„j{w) := 



/„, ifn = 

Im + u;e„_i,m(w)(3+_i_jS'*_i J[„_i]y„, ifn G N, 
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J Aq, ifn^O 



and 

Im, ifn = 



Tn.jiw) 



for each w € C. For every S G 5mxm(D) and each w G D for which the matrix 
;.N U.A /T — + 



w 



'^'5'„,j(^)\/^n+i,j S{w)y/Rn+i.j + Pn,j{w) is nonsingular, let 

fs{w) := {wjTl]'^j{'w)yJ Ln+lJ^ S{'w)yJ Rn+l,J + 1Tn,j{w)) 

■ (wJd^^^j{w)^Ln+l,.J^ S{w)^Rn+lJ + pn,j{w)) \ (l-H) 

Then, for each S G ^TOxmClC), 6?/ il.ll]) a matrix-valued function fs meromorphic in B is given, and the 
set of a/Z w G D at which fs is holomorphic fulfills 

H/^ = G B : dot {wJa^^l, [w) ^L„+ij^S{w) ^Rn+ij + P„,jH) ^ 0} 
= G B : det (wyi;:^5(?«)Vi?„+i,j^4"l7H^ + O}. 
Further, for each S G 5„ixm(B) and each w G Hj^, admits the representation 

fs{w) = (w^i„+i,jS'(w)^i?„+i^j^7f|"J^(w)J + r„,j(u;)) ^ 
• (ly A/i?„+i,j'*'p|^"'j(w) J + cr„,j(w)). 

Moreover, 

Vj,o[D, iA,)'J^o] = {/s : 5 G 5™xrn(B)} 

holds true. 



2. J-central J-Potapov functions 

A crucial idea in our approach to the interpolation problem (P) consists in comparing possible candidates 
for solutions with a distinguished solution, namely with the so-called J-central J-Potapov function corre- 
sponding to the given J-Potapov sequence (Aj)"^Q. Let n G No, and let (Aj)"^Q be a J-Potapov sequence. 
Then Theorem 1 1 . 31 implies that the sequence {Aj)J^Q defined recursively by Ak '■— for each k G N„-|_i_oo 
is a J-Potapov sequence. The sequence {Aj)°^Q is said to be the J-central J-Potapov sequence correspond- 
ing to (Aj)"^g. In view of Theorem ll.il there is a unique fc,n & Pj,o{^) such that fc.n{w) — X^jlo^J^"' 
holds for all w belonging to some neighborhood of 0. The matrix-valued function /c_„ is called the J-central 
J-Potapov function corresponding to (Aj)"^Q. A more detailed study of J-central J-Potapov functions can 
be found in 28]. The following result complements Theorem 11.21 

Proposition 2.1. Let J be anmxm signature matrix, let n G Nq, and let {Aj Yj^Q be a J-Potapov sequence. 
Then the J-central J-Potapov function fc^n corresponding to {Aj)^^^ belongs to Pj.op, {Aj)^^,^]. 

Proof. The assertion is an immediate consequence of the construction of /c_„. □ 

Observe that the concept of J-central J-Potapov sequences and J-central J-Potapov functions is a 
generalization of the well-known concept of central m x m Schur sequences and central m x m Schur 
functions in B. 
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Proposition 2.2. Let J be an m x m signature matrix, and let f G Vj^o{^). Let il.3\) be the Taylor series 
representation of f in some neighborhood ofO. For each n € Nq, let /„ € T'j.op, (Aj)"^q]. Then, for each 
compact subset K o/H/, there exists a nonnegative integer Uq such that fn is holomorphic in K for every 
integer n with n > uq. Moreover, 

lim /„(w) = f{w) 

n — >QC 

holds for each w € Hy. This convergence is uniform in each compact subset o/Hy. 

Proof. Let Pj := \{I + J) and Qj := \{I - J), and let n £ Nq. According to [2g, Proposition 3.4], we 
have det(Q.7/(0) + P,/) ^ and dct(Q.7/„(0) + P,/) ^ 0. Let 

5:=(P,7/ + Q,7)(Q,7/ + P,;)-i and 5n (Pj/n + Q,7)(Qj/n + P,/)"'. 

Tlien an application of [26, Proposition 3.4] yields that g and g„ both belong to Smxm{^)- Let g{w) — 
^°^gi3ji(7^ (respectively, gn{w) = X^jlo -^j"^^"') Taylor series representation of g (respectively, of 

gn) in ID. Then {Bj)'^^ and (-Bj"^)^o both m x m Schur sequences (see, e.g., [3, Theorem 5.1.1.] or 
Theorem 11.11 with J — /,„). In particular, for each j e No we have \\Bj\\ < 1 and ||-B]"^|| < 1. Moreover, 
from [2^ Remark 6.1] we get Bj = B^"^ for each j e No,™. Consequently, for each u> G D we get 

00 ^1 1 71 -1-1 

\\9iw)~gn{w)\\< J2 ll^^-^]"^IIH^'^Y^- 

i=n+l ' ' 

Thus, we obtain that lim„^oo Qn{w) — g{w) holds for each w € B and that this convergence is uniform in 
each compact subset of B. From [26!, Proposition 3.4] we get 

H/ = {weB: det(Qj5(u;) +Pj)7^0}, H/„ = {wen: det(Qj.g„(w) + Pj) 7^0}, (2.1) 

as well as 

/ = (P.75 + Qj)(Qjg + Pj)-i and /„ = (Pj5n + Qj)(Q,/g„ + P,/)"' (2.2) 

for each n e No. Let _ftr be a compact subset of Hy. Since g is continuous, the image g{K) of K under g is 
a compact subset of C™x™. Let Q(q,,,Pj) := {X £ C™"=™ : det(QjX + Pj) ^ 0}. In view of we have 
g{K) C Q(Q,.Pj). Because Q(q,,Pj) is an open subset of C™^™, there exists a positive real number rj such 
that 

g{K)Cg{K) + B,CQ^Cij.Pj) (2-3) 
holds where B,, := {X € C"^™ : ||X|| < 77}. Moreover, g{K) + B,, is a compact subset of C™^". Since the 
sequence {gn)nefio converges uniformly to g in K, there exists an 710 G N such that for each n G N„q,oo and 
each w e K the relation g„(w) G g{w) + B^ holds. Hence 

gniK)Cg{K) + B^ (2.4) 

is valid for each integer n with n > uq. Taking into account (|2.ip . (|2.3p . and (|2.4p . we get that /„ is 
holomorphic in K for every integer n with n > uq. Let the map F : Q(q^,Pj) — > C™^™ be defined by 
X ^ {PjX + Qj)iQjX + Pj)-^. Then, in view of (HID, (E^D, and (E^) we obtain 

/(w;) = F(g(«;)) and fn{w) = F{g^{w)) (2.5) 

for each w e K and each integer n with n > uq. Obviously, F is continuous in Q(q^,p^) and, therefore, 
uniformly continuous in the compact set g{K) + B,,. Consequently, because of (|2.3p . (|2.4p . and (|2.5p . the 
uniform convergence gn g in K implies that the sequence {fn)n>na converges uniformly to / in K. □ 

In particular we see that each / G 7^,7,0 (B) can be approximated by its associated sequence of J-central 
J-Potapov functions. This is a generalization of the corresponding well-known result for m x m Schur 
functions in B (see, e.g., [l^. Theorem 3.5.3]). 
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Corollary 2.3. Let J be an m x m signature matrix, and let f e Vjfl{Il>). Let M.3\) be the Taylor series 
representation of f in some neighborhood ofO. For each n € No, let fc^n be the J-central J -Potapov function 
corresponding to (^j)jLo- Then, for each compact subset K o/Hj, there exists a nonnegative integer uq 
such that fc^n is holomorphic in K for every integer n with n > uq. Moreover, 

lim /c,n(w) = f{w) 

n — 'oo 

holds for each w € Mf. This convergence is uniform in each compact subset ofMf. 

Proof. Combine Proposition 12.11 and Proposition [^21 D 

Let us now introduce some notations. Let J be an m x m signature matrix, let n €: N, and let (Aj)"'_Q 
be a J-Potapov sequence. Then let 

ynj := {V e C""^™ : Qn-i,jV - J[„_i]y„} (2.6) 

and 

Znj := {W e C™^"™ : WPn^ij = ^„ J[„-i]5:_i}. (2.7) 

Remark 2.4. Let J be an m x m signature matrix, let n E N, and let (ylj)"^Q be a J-Potapov sequence. 
Furthermore, let 

:= QLu.jS:-An-i]yn and z„ J[„_i]5:_iP+_i,j- (2-8) 

Then 1/° e yn,j and G Z„„/ hold (see ^ Remark 2.5]). 

Henceforth, whenever an m x m signature matrix J, an n e No, and some matrix polynomials 7r„_j, 
Pn,j, cFn,j, Tn,j (defined on C) are given, then Tinjjs, (respectively, p„,j,D, crn,j,n, Tn,jfi>) always stands for 
the restriction of 7r„^j (respectively, Pn,j, crn,j, Tn^j) onto B. 

Theorem 2.5. Let J be an m x m signature matrix, let n g Nq, and let {AjYf^Q be a J-Potapov sequence. 
Denote by fc.n the J-central J-Potapov function corresponding to (j4j)"^Q. If n CzN, then let Vn G J^n.j cind 
Wn G Zn_j. Let the m x m matrix polynomials 7r„.j, Pn.j, Cn.j, and t„^j be given by 

( \ — i ifn — , 

''"■■'^'"^ 1 Ao+u;e„_i,™(«;)(y„ + 5„_iK), tfneN, ^^■^> 

^"■■'^'^^ '-^ { I,n + wJZImVu. n e N, (^■^'^^ 

(- N _ / ^0 , ifn — (o TT\ 

and 

/or each w C Then fc,n admits the representations 

fc,n—T^n,J,aP„Jfi 0,nd fc,n — T^_\n'^n,J,0- (2-13) 

A proof of Theorem 12.51 is given in [28, Theorems 2.7 and 2.8]. 

In the sequel, we will use the following notation. If J is an m x m signature matrix, if n G Nq, and if 
(^j)J=o a J-Potapov sequence, then we will work with the sets 

Cn+i,j ■■= {t e C™^" : Ln+ijt = A„+i - Af„+i,j} (2.14) 

and 

n.n+i.j := {u e C"^'" : uRr.+,j = A„+i - M„+i,j}. (2.15) 



Remark 2.6. Let J be an m x m signature matrix, let n <E No, and let (Aj)"^o be a J-Potapov sequence. 
Let 

t„+i := L+^^ j(A„+i - Mn+i.j) and u„+i := (A„+i - Af„+i,,7)i?+_^^ ^. (2-16) 

In view of Theorem 11.31 there is a contractive m x m matrix K such that the identity A„_|_i — Mn+ij = 
^yL„+i^jKy/R„+i^j holds. Consequently, t^+i e £„+i,j and w„+i e Tln+ij- 

Proposition 2.7. Let J he an m x m signature matrix, let n £ Nq; tet fc e N, and /ei (Aj)"^o &e a J- 
Potapov sequence. If n > 1, then let Vn € 3^n,j and Wn G Z^j. Furthermore, let iTnj, Pn,j, o'n,j, and Tnj 
he the matrix polynomials given by i2.9\) . i2.10\) . i2.11\l . and Ii2.12\) . For s G No,fc-i let iVn+s+i.j, Pn+s+i,j, 
an+s+i,j, and Tn+s+i,j he the matrix polynomials which are recursively defined by 

TTn+s^jiw) + wJ f]^_^fjj{w)tn+s+l, (2-17) 
Pn+s+l,j{w) := Pn+s,jiw) + W J a^^'^^^^j {w)tn+s+l , (2-18) 

:= an+s,j{w) + Un+s+iwp^^^^^lj{w)J, (2.19) 

and 

T„+s+l„/(w) := Tn+s.jiw) + Un+s+lWTr^J^^^^^j{w)J (2.20) 

for eachweC, where tn+s+i ■■=L+^^^^ j{An+s+i-Mn+s+i,j) andun+s+i ■■={An+s+i-Mn+s+i,j)Rn+s+ij- 
Then, for each s G No,k-i, both detp„+s+i,j and detT„+s+i_j do not vanish identically in D, and the J- 
central J -Potapov function fc.n+s+i corresponding to (^j)"^o~''^ admits the representations 

fc,n+s+l ^ T^n+s+ljfi Pn+s+l,J,n '^"^ fc,n+s+l — T^^s+ij^n ^n+s+l,.Jfi ■ 

Proof. Apply Remark [2J1 j2"8L Proposition 3.4, Remark 3.2, and Lemma 3.3], and Theorem [2?5l □ 

In the following, for each k E Nq let the map 5^ : D ^ D be defined by w i-+ w'^. 

Corollary 2.8. Let J be an m x m signature matrix, let n G No, and let (Aj)"^Q be a J-Potapov sequence. 
If n > 1, then let Vn G 3^ri,j o,nd Wn S Znj. Furthermore, let 7r„^j, Pn.j, <yn,j, and Tn^j be given by i2.9\) . 
^EM, IKW, and lEM- Let K he a contractive matrix from C"^™ and let 

An+l ■= Mn+l^.J + V Ln+ljKyJ Rn+l,J- 

Then {AjY^^Q is a J -Potapov sequence. Furthermore, each of the functions Aeii^iJa^^^jj^yjLn+i,,j^KyjRn+i,j 
+ Pn,j,n) and detiEi^J Ln+i.,j K^jRn + 1 . ,/ ^T^j" j j, J + t„.j^d) does not vanish identically in D. Moreover, the J - 
central J-Potapov function fc,n+i corresponding to (^j)"^o^ admits the representations 



fc,n+l = 1 J ■?„" 7 D \/ Ln+lJ K \/ Rn+l,J + 'I^n.J,n) 



■ {^lJ<^n]j,oVLn+l,J K\/ Rn+l.J + Pn,J,i 

and 



/c,n+l — 1 Ln+l,.jKy^ Rn+l,.] 7r|j"j,D'^ + 



Proof. According to Theorem 11.31 (^j)"^o ^ J-Potapov sequence. Furthermore, from p„,,7(0) = 

/,„ and Tn,j{0) — Ini we see that each of the functions det (f i Jcr^n^ n\/Ln+i,j Rn+i,j + Pn.J.o) and 

det (£i^L„+ 1 _ J Ky^ i?n+ 1 , J ~^T^l^}j^oJ + /,d) does not vanish identically in D. In view of L^^^ j^/Ln-i-ij = 

y/Ln+i.j^ and Rn+i,jRt+i,j = \/Rn+i,j^ , the matrices tn+i and Un+i given by (|2.16p satisfy tn+i = 

^Ln+\.j K Rn+i^j and w„+i — Ln+i,jK ^ Rn+i^j . Thus, an application of Proposition [^771 (with 
.s ~ 0) completes the proof. □ 



3. Description of the solution set T'j^o 



The main goal of this section is to prove Theorem 11.41 In fact, the results obtained in this section are 
even more general than the description of the solution set of problem (P) which is given in Theorem 1.41 
This section generalizes the corresponding results for m x m Schur functions, which were obtained in 25[, 
to the case of J-Potapov functions. 

In this section, we will continue to use the notation £k introduced above, i.e., for each fc G No let 
£fc : B ^ D be defined by w w'^ . 

Remark 3.1. Let J be an m x m signature matrix, let n G Nq, and let (^j)"^o be a J-Potapov sequence. 
If n > 1, then let Vn G 3^n,j and Wn € Znj- Furthermore, let 7r„_j, Pn,j, <Jn,j, and r„_j be given by (|2.9p . 
(PrU)) . (Em]), and (Pr^ . Let S G Smy.m{^)- Then, because of p„,j(0) = and t„,j('o) = 7^, each of the 

functions det [SiJa^^ljj^yJ Ln+i,j^ S Rn+i.j^ Pn,jfi) and det [£i^Ln+ijS .jRn+ij^ Tr^^^jj^J +Tn,j.p) does 

not vanish identically in D. Let Ai (resp., A2) be the set of all zeros of det (Ei J^jj" j ^ \/^"+ 1 ■ ■-^^'^ \/Rn+i , j + 

Pn,j,n) (resp., det {£iy^ Ln+i^jS Rn+ij^ tt^^^'joJ + t„,xd))- Setting 



■ (£1 J(T,|j"jn-\/L„+i^j S \J Rn+l,J + Pn,j,o) (3.1) 

we see from Corollary 12.81 that 

f{w) = {wy^Ln+l,jS{'w)y^Rn+l,J^ nl^jiw),! + Tnjiw)) ^ 



■ (wy^Ln+l^jS{w)y/Rn+l,J /5,[^"'j (w) J + cr„, J (t«)) 

holds for each ui G D \ {Ai U ^12)- Since Ai U is a discrete subset of D, this implies 



/ = 1 Ln+l,jS Rn+l,J ^l^jj_oJ + Tn,J,o) 

■ {£l\/ Ln+l,jS Rn+l,.J P^n]j,0'^ ^ ^ri,J,o) ■ (3.2) 

If n > 1, and if 7r„^j, p„ j, <t„ j, and x„.j are further matrix polynomials which can be represented, for 
each u; G C, via 

(zi;)V„, (3.3) 

<yn,j(i«) = (W„S'„_i + z„)w£„_i^„j(w) + Ao, x„,j(w)=W„we„_i,,„(w) + (3.4) 
with some V„ G J^n.j and W„ G 2„.,/, then Corollarv l2.8l and a similar consideration as above provide us 



where 7r„^j^D (respectively, p„_j_D) '^n.J.D) Tn.j.o) denotes the restriction of 7r„_j (respectively, p„ j, <t„_j, 
Tn,j) onto B. 

Now we will show that for every 5 G 5„ixm(]D') the matrix- valued function / constructed in Remark l3.1l 
is a solution of the interpolation problem (P) stated in section [1] 

Theorem 3.2. Let J he an m x m signature matrix, let n G No, and let (Aj)"^Q be a J-Potapov sequence. 
If n > 1, then let Vn G 3^n,j cind Wn G 2n^,j. Furthermore, let 7r„^j, Pn.j, <yn,j, o-nd Tn.j be given by i2.9\) . 
i2.10\) . \2.11\) . and h2.12]) . Let S G 5„ixm(B), and let the matrix-valued function f be given by \8.1\) . Then 
f belongs to Vj.o [B, (^j)"=o] '^'^'^ admits the representation 113.2]} . 
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Proof. In view of Remark 13.11 we see that / is a well-defined matrix-valued function which is mero- 
morphic in D. Moreover, because of Pn,j(0) = I,n we have G H/. Let Ai (respectively, A2) be the 
set of all zeros of the function det (5i Ja-|^jp-y/L„+i^j S^Rn+i,j + Pn,jfi) (respectively, of the func- 
tion det [£i^y Ln+i,jS ^y Rn+i.j^ TT^nljO'^ + Tn^j^o))- Then Ai U A2 is a discrete subset of D. Now let 
uiQ G B \ {Ai U ^^2)- Then K S{wo) is a contractive m x m matrix. Consequently, from Corollary 12.81 
we obtain that the matrix f(wo) is J-contractive. By continuity we get that /{w) is J-contractive for all 
w & Mf, i.e., we have / G Vj^o{^). Now we prove that / fulfills condition p.4p for each j g No,n. Let 

Fn := Ln+i,j^ S Rn+i,j ■ Bccause of /O„,j(0) = /„i and t„^j(0) = /,„ we see that 

hn '''nJ.O-^n+l,jFn{£iJa^^jj^Fn + Pn,J.p) ^ 

is a well-defined matrix- valued function which is meromorphic in D and holomorphic at 0. According to 
Theorem 12.51 the J-central J-Potapov function /c,,i corresponding to {Aj)^^^ admits the representations 

fen = ''^n,J,nPnJ,a /c,„ = '''l^}j^B'^n,J,-D- (3.5) 



Moreover, |28l . Proposition 2.11] yields 
Using jar]), (I33]), and jSJl) we get 

/ — fc,n — '''n,J,I$b'-n;J,Tlii£lJf'^j^nFn + T^n.Jfi) — ^n, J,D (^1 ^O'i" J^D-^" + Pn,J,o)] 

= '''n,J,ni^i'^ri,J,nJTl^j^B^n - £lO'n,J,T}J^nj^nFn){£lJall'jT^Fn, + Pn.Jfi)'^ 

— '''nJ,n^n+lLn+l,jFn{£lJal^jjj,Fn + Pn,J,T}) ^ = ^n+lhn- (3-7) 

Let hn{w) = X^jlo^i^"' ^'^ Taylor series representation of hn in some neighborhood of 0. Then p.7p 
implies /(w) — fc,n(w) = Tl,Y=n+i Hj-n-iw^ for each w belonging to some neighborhood of 0. Consequently, 
because of fc,„ € Vj,oP, (^j)"=o] and / e 'Pj,o(ID') we obtain / e Pj.op, (^j)j=o]- Finally, having in mind 
Remark |3. II we see that / can be represented via (|3.2p . □ 

The following considerations show that the parameter function S G Smxm{^) in the linear fractional 
transformations stated in (|3.ip and p.2p is generally not uniquely determined by /. 

Remark 3.3. Let J be an m x m signature matrix, let n e No, and let (Aj)"^Q be a J-Potapov sequence. 
If n > 1, then let Vn G 3^n,j and Wn S Zn^j- Furthermore, let 7r„^j, Pn.j, (Jnj, and t„_j be given 
by ([^ . ([TTU)! . (PTT|) . and (|?T^ . Let 5 G 5™xm(ID'), and let the matrix- valued function / he given by 
(|3.ip . Since L„+i^jL^_|_j^ j and arc orthoprojection matrices, the matrix-valued function 5' :~ 

Ln+i,jL^_^_^ jSR^_^_^ jRn+i,j belongs to SmxmW and satisfies the identity Ln+ijL+_^_^ jS'^R:^^_^_^ jRn+i,j = 
S'^. Moreover, it is readily checked that / admits the representation 



• (£i J(7|"jn\/i„+i^j S^y^ Rn+l,J + Pn,JJi) 

Proposition 3.4. Let J be an mxm signature matrix, let n € No, and let (Aj )"^q be a J-Potapov sequence. 
If n > 1, then let Vn G 3^ri,j o-nd Wn € Znj. Furthermore, let iTnj , Pn.j, <^n,j, o,nd t„.j be given by i2.9\) . 
i2.10\) . \2.11\) . and For j G {1,2}, let Sj G Smxrn{^) and let (in view of Remark ] 3.1]) the matrix- 

valued meromorphic functions fj and fj be given by 

fj :— {£lJTnjjf\/ Ln+l,J Sj \J Rn+l,.J + '^n,J,a) 

■ (£i JCT,[j"jn-\/L„+i^j Sj \J R„+ij + Pn,j,o) 
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and 



(a) The following statements are equivalent: 

(i) \/Ln+l,jSiy^Rn+l,J = \/ Ln+l,,jS2^J Rn+l.J ■ 

(Hi) fi = /2- _ 

(b) Let fi = f2 or fi ^ h- If S-j = Ln+i^jL^^^^jS-jR^^^jRn+i,.j holds for each j G {1, 2}, then Si = 82- 



Proof. The equivalence of (ii) and (iii) is an immediate consequence of Remark l3.1l In view of ^L„_|_i_,/ = 
Ln+i j\/Ln+i.j, the imphcation (i)^(ii) is obvious. Now suppose that (ii) is satisfied. From Theorem 12.51 



we obtain 



1 - [nl -[nl ~\n] ~ [nl 

Moreover, 28|, Proposition 2.11] provides us p.6p and 



J,D- 



~[n] J ~[n] J c 



(3.8) 



(3.9) 



By succinct setting Xi ■.=£iJ aj^" j j, ^/Ln+l,J'^Sly^ Rn+i,j+Pn.j,o and X2 -.=£1^^ L„+ijS2y^ Rn+i,j^ t^^^j^oJ' 
from (ii), Remark O ^B^,, and ([SS]) we get 



= /l - /2 = /l - /2 



X2[£lJ ■?„"/ D \/l^n+l,J Si\J Rn+l^.J + T^n,J., 



^ ( ^1 V Ln+l,jS2 \/ Rn+1, 



J Pn,J.\ 



, J + (T 



Xi 



X. 



£2\/ Ln+l^jS2\/ Rn+l,.r{TT^n!j,DT'n,J,0 " Pn!.LO^nlj,o) V ^n+l,J^ Si Rn+l,J 
+ ^1 V Ln+l,jS2 \J Rn+l,J {T^^n}.J,W-^''^n,Jfi ~ P^njjfiJ Pn,J,o) 



+ Tn ^. J, nT^n, J, B — (^n,J,BPn,J,ISi 



— £n+lX2 ^ Ln+ljSiy^ Rn+l,J — \/ Ln+ljS2\/ Rn+l,jjX^ ^. 

Consequently, (i) is fulfilled. Hence part (a) is verified. Now suppose that /i = /2 or /i = /2 is satis- 
fied. In view of (a) then (i) holds. Thus, using the identities Ln+i.jL^^-^ j = Ln^\^j^ ^ Ln^\^j and 
= \J ^n+\,j \J Rri+\,j^ wc obtain (b). □ 

Now we are going to prove an inverse statement to Theorem 13.21 i.e., we will show that any function / 
belonging to T'xoP, (^j)j=o] be represented via (j3.ip and (|3.2p with some S G 5mxm(D)- 

Theorem 3.5. Let J be an m x m signature matrix, let n G Nq, and let (^j)"^g be a J-Potapov sequence. 
If n > I, then let Vn G 3^n,j and Wn G 2„^j. Furthermore, let 7r„^j, Pn,j, Unj, and Tn.j be given by i2.9\) . 
[KW . (UmP, and ^KW- If f & 'P.lfi [lQ','(-4j)"^o]' ^^^^e exists an S ^ Smxmi'^) such that f admits 

the representations 



f — (£lJ t"_j^j} \^Ln+l,J Sy^Rn+l,J + T^n,J,o) 

■ (£lJ O'Ij" j_D ^/ I^n+l,.J S yj Rn+l,J + Pn,J.o) 



(3.10) 



and IKE). 
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Proof. In view of / e Vj^q [D, (Aj)"^Q] , let {Aj)^^^^-^ be the sequence of complex ni x m matrices such 
that (|1.3p is satisfied for each w belonging to some neighborhood of 0. According to Theorem 11.11 for 
every fc e No, the sequence (Aj)'-^^ is a J-Potapov sequence. For each A: g No, let fc,k be the J-central 
J-Potapov function corresponding to (^j)^'^o- Then Theorem 12 . 51 vields that /c.„ admits the representation 
fc,n = •^n,j,DP~ For each s € No, let the matrix polynomials 7r„+s+i,j, p„+s+i,j, cr„+s+i,j, and Tn+s+ij 
be recursively defined by ((2T7)) . ((2l8l) . (|2T9)) . and ((2:201) where i„+s+i ;(A„+s+i - M„+s+i,j) 

and Un+s+l '■= {An+s+l - Mn+s+i,j)R:^+^+^j. From (1^111 . (ITT^ . (I^T^ . and (l^?^ we see that, for 
every j e No, the identities Pn+j,j{0) = Im and t„+j_j(0) = /,„ hold. Thus, for each j £ No and each 
S G 5mxm(®), the function 

detlfrJai-^t', dV Ln+j+l,J Sy^ Rn+j + l,J + Pn+j,Jfi) 

does not vanish identically in D. We are now going to prove that, for each fc £ No and each j e Nq, there is 
an Sjk G SmxmO^) such that 

fc,n+j+k = {^lJT'li+j}j,nFjk + '^n+jJ,B){SlJcr'^^^^\pFjk + Pn+jJ,o) ^ (3-11) 

where Fjk Ln+j+i,j^ Sjk\J Rn+j+i,j ■ In the case fc = we choose the constant m x m Schur function 
Sjo defined on D with value Omxm for all j G Nq. Then Theorem l2.5l and Proposition l2 . 71 vield (j3.1ip . Hence, 
there exists a k e No such that, for each k G No,k, there is a sequence {S£k)iLo of m x m Schur functions 
defined on D satisfying 

fc,n+t+k — i^i JT]^-^^/^J^J^Fik + TTn+e,j,o){£iJ^l^^ej,TaFek + ^ (3-12) 



for all € G No where Fik := ^ Ln+i+i,.j Sek\/Rn+e+i,.j- Let j G No. According to 27, Proposition 4.1], the 
matrix ^ ^ 

Kn+j+l,J ■= \/ Ln+j + l^J [An+j + l — Mn+j+l,j)\jRn+j+l,.] (3.13) 

is contractive and fulfills A^+j+i - Mn+j+i,j = Ln+j+i,jKn+-j+i^j Rn+j+i^j . Consequently, 

V^i^J+i+M Kn+j+l,J \J Rn+o + l,J = -^^+j + l,j(^n+i+l ~ A^n+j+l,j) = tn+j+l (3-14) 

and ^ 
hold. Furthermore, the matrix-valued functions 

0i,K+l '■= \/ Ln+j + l,.J \J Ln+j+2,J 5'j + l,K -\/ -Rn+i+2,J\/ ^n+j + l,J , (3.16) 

:= i^„+j+i,,/ + fi6j,K+i, and := Im + £iK*^+j^^ j<dj,^+i (3-17) 

are holomorphic in D. Obviously, detVl/j^K+i does not vanish identically in D. Thus, S'j>+i := '^j.K+i^J^j^i 
is a well-defined matrix-valued function which is meromorphic in D. Further, 

,+i(z)]**,,,+i(z) - ,+i(z)]*$,- «+i(z) 

= /m - ii:*+j + i^ji^n-Hj + l,J - |zp[ej- ^+i(z)]*(/™ ~ if„+j + i„7if*+^-_^i j)ej,^+l(z) (3.18) 

holds for each z G D. According to [13, Proposition 4.1], we have 

a/ Ln+j+l,j{Irn - Kn+] + l,jKn+j + l,j)\/ Ln+j+l,J = Ln+j+2,J (3.19) 

and 

\/Rn+] + lj{Im - Kn+j+l,jl^n+j+l,.])\/ Rn+j+l,J = ^ri+j+2,J- (3.20) 
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In view of (|3.16p and ^L„+j+2,,/ in+i+2,j = -^«+j+2,j-^^+j+2,j, equation (|3.19p implies 

[OjA+iC^FUm - x„+j+i,jx;;_^j.+i j)ej- «+i(z) 



— \/Rn+] + l,.J \/Rn+j+2,j[Sj + l^Kiz)]* Ln+j+2,.jL'^+j-i-2,.I^j+T-.Kiz)\/Rn+j+2,.J\/Rn+j + l,J (3-21) 

for each z G D. Moreover, from (|3.13p and (|3.20p we get 



— Im — \J Rji+j + l.J \J Rn+j + l,,j 



+ \J Rn+j+l,.J \J Rn+]\\,j{Im - Kn+j+l,.jI^n+] + l,j)\/Rn+j+l,J\/Rn+] + l,J 



— Im ^ y/Rn+j + lJ Rn+j + l,J + \J Rn+j+l,J Rn+j+2,J \/ Rn+j+l,J ■ (3.22) 

Since Sj+i^k, belongs to S„ixm{^) and Ln+j+2,jLn+j+2 j '^^ orthoprojcction matrix, we see that the 
matrix 

X{z) /„, - \z\^[Sj+i,^,{z)]*Lr,+j+2jL+^j^2,.iSj+i,^,{z) 
is nonnegative Hermitian for each z e D . Taking into account p.lSp . (I3.2ip . and (I3.22p we obtain 



— Im — \/Rn+j + l,J \/Rn+j + l,J + \/Rn+j+l,.I \/Rn+j+2,jX(z) ^jRn+j+2,J \/Rn+j+l,J (3.23) 

for each z g3. The right-hand side of (j3.23p is nonnegative Hermitian for every 2 e D. Let A be the set of 
all zeros of det ^'j.K+i- Then 

Im — [Sj,K+l{z)]* Sj^K+i{z) 

= [*,,,+i(z)]-*([vI/,.,+i(z)]*vI;^-.+i(z) - [<i>,,.+i(z)]*<i>,-«+i(z))[%,+i(z)]-i (3.24) 

holds for all z G D \ ^. Consequently, S'j.K+i is both holomorphic and contractive in D \ ^. Since A 
is a discrete subset of B, Riemann's theorem on removable singularities of bounded holomorphic func- 
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tions yields Sj,K+i G S„ixm{^)- Furthermore, from (j3.19p we obtain in particular TZ I y/ Ln+j+2,j 



TZ{Ln+j+2,.j) C n (y'Ln+j+ij) and, consequently, y'Ln+j+i,./ a/ L„+j+i, j^L„+j+2, j = a/L„+j+2,j 
Similarly, p.20p imphes Rn+j+2.j \/ R7i+j+i,j'^ \/ Rn+j+ij = y^Rn+j+2,j- Hence, by using the setting 
Pj+i,K ■— \J Ln+j+2,j Sj+i,^^jRn+j+2,j we get 



\J Ln+j + l,J \J Ln+j+l,jPj+l,K\^ Rn+j + l,.J \/ Rn+j+l,J — Fj+1,K- (3.25) 

From ([XT7)) and (pTTC)) we see that 

det (^Im + zK^^j^^ jy/ L„+j + l^jFj+l^K{z)y/ R„+j + l^j~^^ ^ 

holds for each z G D \ .4. Taking into account (|3.13p and p.25p . from [25, Remark 3.5] we get therefore 



det ( /, 

and 



(^Im + Z^Rn+j + l^J K^^^^^j^jLn+j + l.jFj + i^^{z)^ ^ 



{im + zK'^^j^■^J^JLn+j+l,JFJ + l^^{z)^Rn+j+l,J ^ ^ Rn+j + l,,] 
= \J Rn+j+l,J 
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for each z e D\^. Let -F^.k+i := ^Ln+j+ij S'j , k+ i \/Rn+j + 1 , J • Taking into account p.l7p . (|3.16p . p.26p . 
dSi^Sl), (|5T1|) . and ((57T^ we obtain for each z^B\A then 

V^i^H-j + M" + Z^J Ln+j+l,.jFj + i^t^{z)y/ Rn+j + l,.J ^ 

• (^Im + 2-?^*i+j + l,,7V-^n+j + l.,7-P, + l,K(2:)V-Rri+i+l,,7 ^ V -Rri+J + 1,7 
= \/ in+j + 1,7 ^ri+i+l,J + 2^-\/ in+j + l,7-Fj + l,K(2)-\/i?„+j + l,7 ^n+j + l,J 

= + 1 + + + 2;<+j + iFj + i,« (z) ) " ^ 

Since ^ is a discrete subset of B, this imphes 

+ f iF;+i, J(/,„ + £i<+,+iF,+i.«)-i. (3.27) 
Moreover, from (|2.20p and (|2.19p the equations 



[n+j + l] _ c ~ln+j] 



hij 47 ~l"+JJ I T * 

n+j + l, J,0 — ^'i-^n+j,J,0 + 'J''^n+j,.JfiUn+j + i 



and 



~[n+j + l] _ p ~[n+j] J * 

"n+j + l, J,D ~ "--l^n+j.J.D ' Fn+i,7,D "n+j+l 



foUow. Hence, by succinct setting Y + from p.27p . (|2.17p . and (|2.18p we obtain 

C 7~["+i] TP I 

= ['^l'^'^i+5v7,D(*"+i + l +^1^J + 1,k) + ''^n+j,J,n{Im + ^-iwJi+j + ii^j+l.K)]^"'^ 

= (^i-^^i+j+iS.D^i+i.K + '^n+3+i,.j,n)y^'^ 



and 



— \^l'J^n+l.J,ni'^-n.+j+l + £iFj + i,k) + Pn+j,J,o{Im + £lu'^+j+iFj+i^K)]Y ^ 
,~ln+] + l] 



n+j,J, 

Consequently, an apphcation of (j3.12p yields 

/c,n+j+(K+l) = /c,n+(j+l)+K 

- l'^W'rn+j + l,7,D^i+l,fc + '^"+J + l../,Djl'J^l-'0'n+j + l,J,D^i+l,fc + Pn+i+l,J,Dj 
= ('^l'^^n+j5,B-^J,'^+l + ^n+j,J,n){£lJ^nJ^j'}j^oPj,K+l + Pn+J,J,D)"^ 

Thus, we have shown by induction that for all j,k £ No there is an Sjk € Smxm(^) such that (|3.1ip is 
satisfied where Fjk '■= ^ Ln+j+i^j^ Sjk^J Rn+j+i,j ■ The matricial version of Montel's theorem yields that 
there are an 5'G5mxm(ID)) and a subsequence (5'ofe^)5^Lo of {Sok)kLo such that 

lim Sokriw) = S'(u;) (3.28) 

r — >oo 

holds for each w G D. Denote by the set of all zeros of the function det {£\ Jcr^^\ ^ \/^n+i ..j^ S ^jRn+i . j + 
Pn,j,D)- Then p.28p and a continuity argument yield that, for each w € \ Aq^ there is an tq G N such 
that ^ 

det (wJd^^^j{w)yJ Ln+l,J Sok^ {w)yjRn+l,J + Pn,j{w)) ^ 
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holds for each r e Nro.oo- Thus, using (|3.1ip . (|3.28p . and CoroUarv l2.3l we obtain 

f{w) = {wJfl^'^J{w)^y Ln+l^J^ S{'w)^y Rn+l^J + 7r„^j(u))) 



for each w £ H/ \ Aq and hence p.lOp . FinaUy, in view of p.lOp and Remark 1 3. 11 / can be represented via 
1321). □ 



Remark 3.6. Let J be an m x m signature matrix, let n E Nq, and let (Aj)"^Q be a J-Potapov sequence. 

Denote by 5^x„(ID)) the set of ah S g Smxmi^) satisfying Ln+ijL+^^ jSR'^^^ jRn+i,j = S. Then a 
combination of Theorem 13.21 Remark 13.31 part (b) of Proposition 13.41 and Theorem 13.51 shows that there is 
a bijective correspondence between the sets ^^^^(D) and Vjfl[^, {Aj)^^^]. 

Theorems 13.21 and 13.51 give a complete description of the solution set of problem (P) via some kind of 
linear fractional transformation which is given by (j3.ip (respectively, (j3.2p ). A closer look at these two 
theorems shows that there is still some freedom in the construction of the matrix polynomials from which 
the linear fractional transformation is built. This freedom consists in the special choice of Vn € 3^n,j and 
Wn (z Z„^j. Now the question arises whether we can find suitable matrix polynomials 7r„^j, Pn,j, Cn,j, 
and Tn^j such that, for each S € Smxmi^), the zeros of the determinant of the "denominator function" in 
the representation (j3.ip (respectively, (|3.2p l of the J-Potapov function / are exactly the poles of /. The 
following considerations give some answer to this question. 

Henceforth we will use the following notation. Let J be an m x m signature matrix, let n € N, and let 
{Aj)j-^Q be a J-Potapov sequence. Then we will write j)„_j to denote the set of all Vn & yn,j for which the 
matrix polynomials 7r„^j and p„^j defined by (|2.9p and (|2.10p satisfy the condition 

^iPn.j{w))nAf{TTn,jiw)) = {0„xl} (3.29) 

for all w G D. Similarly, Zn,j denotes the set of all Wn G -2„.j for which the matrix polynomials ct„.j and 
Tn,j defined by and ((TT^ fulfill 

J^i[rnj{w)]*)r\M{[anj{w)]*) = {O^xi} (3.30) 

for aU w eB. 

Remark 3.7. Let J be an m x m signature matrix, let n € N, and let (Aj)"^g be a J-Potapov sequence. 
Let y° and W° be given by (|2.8p . Then according to [28|, Lemmata 2.16 and 2.17] we have £ yn,j and 

w° G i„,j. 

Proposition 3.8. Let J be anmxm signature matrix, let n £ Nq, and let {Aj )"^q be a J-Potapov sequence. 
^/"- ^ 1; then let Vn £ yn,j cind Wn £ -Z„^j. Let the matrix polynomials 7r„^j, Pn,j, and Tn^j be given 

by V2.9\) . Ii2.10\} . \2.11\l . and i2.12\) . Let S £ Smxm{B), and let the matrix-valued function f be given by 
lO) . Then 

mf^{w£B: det {wja^;^'}j{w)^Ln+ij^S{w)y/Rn+i,j + Pnj{w)) ^ 0} (3.31) 

and 

mf^{w£B: det {w,/L;^Siw),/Rn+i.,/ir^njj{w)J + r„,j(w;)) ^ 0} (3.32) 
hold true, and f admits for each w £Mf the representations 

f{w) = {wJfl^jj{w)y^Ln+l.J^ S{w)y^Rn+l,J + TTn, j{w)) 

■ {wJd^^]j{w)yJ Ln+l^.J^ S{w)yJ Rn+l,.J +p„,j(u))) ^ (3.33) 

and 

f{w) = (w^y Ln+l^jS{w)y^ Rn+l,J^ Trnjj{w)J + Tn,j{w)) ^ 

■ {w^/ Ln+ljS{w)^/Rn+lJ^ Pnj{w)J -|-CT„^j(w)). (3.34) 

16 



Proof. In view of (|3.ip the inclusion 

{weD: det (w Ja^, (w) y/L„+ij^Siw) y/Rn+ij + Pnj{w)) ^ 0} C H/ 
is obvious. Now let wq £ H/. From (|3.ip then 

'WoJTl^j{wo)\/Ln+i,j^ S{wo)y/Rn+i,j + 7r„,j(w;o) 

= f{wo)(woJall'jj{wo)^/Ln+ij^S{wo)^/Rn+i,j + Pn,j(wo)) (3-35) 



follows. Further, iiT S'(u;o) is a contractive m x m matrix. Let An+i := M„+i^j + ^L„+i^jif ^i?„+i.j. 
According to Theorem ll.3l (Aj)"l|^Q^ is a J-Potapov sequence. Let be given by (|2.16p . and for each w € C 
let the matrix polynomials Trn+i,j and Pn+i,j be defined by (|2.17p and (j2.18p (with s = 0). Because of — 

L„+i,jK Rn+i^j = ^Ln+i.j^ S{wa)^jRn+i,j from (I3.35P we get 7r„+i^,7(wo) = f{wQ)Pn+i,j{wi)) 
and consequently 

AA(p„+i,j(wo)) C AA(^„+i,j(u;o)). (3.36) 

In the case n > 1, because of Vn G 3^n,,/ condition (|3.29p is satisfied for each w G D. If n = then 
(I3.29P obviously holds true for all w G B. According to [28, Proposition 3.6], this imphes N{pn+i,.j{w)) n 
J^{T^n+i,.j{w)) = {Omxi} for each w e D. In view of (|3.36p we get therefore 



det [wq J o-|"[, {wa)\/Ln+i,J S(wo)^Rn+i,J + Pn,j{wQ)j = det{pn+ij{wa)) ^ 0. 

Hence p.3ip is verified. Having in mind Remark l3. II we see that / admits the representation (|3.2p . Thus, 
equation (|3.32p can be checked analogously to (|3.3ip . Furthermore, from (|3.ip . p.2p . p.3ip . and (|3.32p it 
follows immediately that / can be represented via (|3.33p and p.34p for each w e H/. □ 

Now we are able to prove Theorem II .41 

Proof of Theorem 11.41 Use Theorems 13.21 and 13.51 as well as Remark 13.71 and Proposition 13.81 □ 

Theorems 13.21 and 13 . 51 as well as Proposition [3T8] should be regarded in connection to [2^, Section 3]. As 
it was mentioned above, there is some freedom in the construction of the matrix polynomials 7r„^,7, Pn,j, 
an, J, and r„. j occuring in the representations p.ip and (|3.2p of the functions belonging to Vjfli^, (Aj)"^g]. 
Section 3 in [2^ points out a possibility for a recursive construction of such matrix polynomials that fulfill 
the requirements of Theorems 13.21 and 13.51 (and even of Proposition 13. 8p . More precisely, we can state the 
following. 

Remark 3.9. Let J be an m x m signature matrix, let n £ No, and let (ylj)"^Q be a J-Potapov sequence. 
Further, let 

7ro,j(w) Ao, pQ j:=Irn, (Taj{w) -.^ Aq, and xo^j(w) := 

for all w £ C If ri > 1, then let, for each k £ No,ti-i and each w £ C, the matrix polynomials TTk+i,j, 
Pfc+i,.7j (^k+ij, and Tk+i,j be defined recursively by 

7rfc+i„/(w):= nk,j{w) + wjT^i^jj{w)tk+i, Pk+i,j{w) ■= Pk,jiw) + wJ6-^^lj{w)tk+i, 

o-k+i,.j{w) := (Tk,j{w) + Uk+lWp'^^j{w)J, Tk+i,j{w) := Tk,j{w) + Uk+lWT:^^^j{w)J 

where tk+i and Uk+i are given by (|2.16p . Then, in the case n > 1, there exist some V„ £ yn,j and 
W„ £ Znj such that (j3.3p and p.4p hold for each w £ C (see 0, Remark 4.2 and Proposition 3.6]). 
However, observe that in general the matrix polynomials 7r„^j, p„ j, <t„_j, and Tn,j constructed in this way 
do not coincide with 7r„^j, Pn,j, 'Jn,j, and t„_j, respectively, given in Theorem 11.41 
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Theorem 3.10. Let J be anm x m signature matrix, let n G Nq, and let {Aj)^^Q be a J-Potapov sequence. 
Further, let the matrix polynomials T^n,j, Pnjj '^n,j, o,nd Tn,j be recursively defined as in Remark \3.9[ 
Then, for each S G 5mxm(D), 

fs ■= {£lJ^'^n]j,fi)^ ^rL+l,J S Rn+l,J + 7r„, J,d) 

lis a (well-defined) matrix- valued function meromorphic in D, and the set H/g of all w J} at which fs is 
holomorphic fulfills 

Mf, = {weB:det {wja^;^]j{w).JT^j'^ S{w)./R^j + p^,j{w)) ^ 0} 

= {li; e D : dot (i«/L;;T77^Hv/iW7^4"j(«^)>/ + ^n./H) ^ O}. (3.37) 
Further, for each S G Smy^m^fi) , fs admits the representations 

fs — 1 V Ln+ljS Rn+l,J '^^n!j,0'^ + n,J,a) 

■ {SiyJ Ln+l,jS Rn+1..] pII! J, D'^ + (3.38) 

and 

fs — (fl JT^n}j,n^ Ln+ij SyJ Rn+l,J + T^7i,Jfi) 

■ (£i J(T|"jnY^L„+i^j S^/R^[+lJ pnjfi) (3.39) 
where T^n,j, Pn,j, <^n,j, cind Tnj are the matrix polynomials given in Theorem \1.4\ Moreover, 

Pj,o[B, (A,)7^o] ^{fs-.Se 5„x™(B)} (3.40) 

holds true. 

Proof. In the case n = the assertion is an immediate consequence of Theorem ll.4l Now suppose n > 1. 
Then Remark 13.91 shows that there exist some V„ G 3^n,,/ and W„ G Znj such that (|3.3p and (|3.4p hold for 
each w G C. Thus, applying Theorems 13.21 and 13.51 and Proposition 13.81 we obtain (|3.37p . (I3.38p . and p.40p . 
Finally, Remarks [21] and O yield (P?^ . □ 

4. The case of a unique solution 

In this section we study the case of a given J-Potapov sequence {Aj)"^Q for which the J-central J-Potapov 
function corresponding to (Aj)"^q is the unique J-Potapov function fulfilling (II. 4p for each j G No,n. This 
section generalizes the corresponding results obtained in (25. . Section 7] where the case of matricial Schur 
functions is treated. 

Lemma 4.1. Let J be an m x m signature matrix, let n G No, and let (v4j)"^g be a J-Potapov sequence. 
Further, let {Aj)°°^Q be the J-central J-Potapov sequence corresponding to {Aj)^^Q. Then the following 
statements are equivalent: 

(i) There is a unique f G Vj^oiO) such that \1.4^ is fulfilled for each j G No.„ (namely the J-central 
J-Potapov function f = fc^n corresponding to (AjY^^Q). 

(ii) For each k G N„-|_i_oo; the identities L^^j — Omxm and Rk.j — Omxm o,re satisfied. 

(Hi) Ln+l.J — Omxm Or = Omxm- 

Proof. The equivalence of (i) and (ii) follows easily from Theorem 11.21 and [27I, Proposition 3.12], whereas 
the equivalence of (ii) and (iii) is an immediate consequence of [l^, Proposition 3.12 and Proposition 5.5]. 
□ 
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Proposition 4.2. Let J be an mxm signature matrix, let n G No, and let (Aj)"^q be a J-Potapov sequence. 
Ifi^^^: then let Vn G 3^n,,/ cind Wn € 2n,j. Furthermore, let the matrix polynomials 'iTn,j, Pn,j , o'n,j, cind 
Tn,.! be given by \2.9\) . \2.1U\) . h2.11]) . and \2.12\) . Then the following statements are equivalent: 

(i) There is a unique f € 'Pj.o(B) such that Jj.^p is fulfilled for each j g No,n- 

(a) The identities Pn^jJpnj = ^^l^jJ'^^n.j and t„,j Jfj^^j = fn,./'^f''i"j hold. 

(Hi) For each z G T, the identities [pn,j{z)]* J Pn,j{z) = [^n.jiz)]* JTTn,j{z) and Tn,j{z)J[Tn.j{z)]* — 

o'n,j{z)J[crn,j{z)]* are satisfied, 
(iv) There is some z G T such that [pn,j{z)]* J pn,j{z) = [7r„_j(2;)]* J7r„,j(z) or Tn,j{z)J[Tn,j{z)]* = 

<^n,j{z)J[(yn,j{z)\* is fulfilled. 

Proof. The assertion is an immediate consequence of Lemma WJ\ and [28l . Proposition 2.11]. □ 

In the sequel, if (3 is some matrix polynomial of quadratic size, then we will use the notation A/^j :— {w G 
C : det/3H = 0}. 

Remark 4.3. Let J be an m x m signature matrix, let n G No, and let (Aj)"^Q be a J-Potapov sequence. 
If n > 1, then let Vn G 3^n,,/ and Wn G Zn^j. Furthermore, let the matrix polynomials pn,j and r„.,/ be given 
by (|2.10p and (|2.12p . respectively. Then one can easily see that each of the sets Mp^ , and A/V„ j consists 
of at most nm elements. Moreover, taking into account [l^, Lemma 1.2.2], it follows that each of the sets 
A/'-ini and A/'^ini also consists of at most nm elements. 

In view of Theorem 12.51 and Remark 14.31 there exists a unique rational extension of the J-central 
J-Potapov function fc^n to C \ {wi, W2, ■ . . , Wr} for some complex numbers wi, W2, . . . ,Wr with r < nm. 

Recall that a matrix A G C™^"* is said to be J- unitary if A* JA = J, where J is some mxm signature 
matrix. Obviously, A G C™^™ is J- unitary if and only if AJA* = J. 

Corollary 4.4. Let J be an mx m signature matrix, let n G No, and let {AjYj^Q be a J-Potapov sequence. 
Further, let fc.n be the J-central J-Potapov function corresponding to (^j)jLo '^"■'^ fen be the unique 
rational extension of fc^n- Then the following statements are equivalent: 

(i) There is a unique f G 'Pjfi{Ji) such that \1.4^ is fulfilled for each j G No.n- 

(ii) There exists a finite subset ^ofT such that for each z G T \ 5^ the matrix /^„(z) is J -unitary. 

(Hi) There is some z G T \ {Mp^ , H A/V,, ;) such that the matrix /^„(z) is J-unitary, where pn.j and Tn,j 
are given by \2. 1 0\) and i2.12\} with some Vn G 3^n,,7 and Wn G Zn.j if n>l. 

Proof. Use Proposition 14.21 Remark [131 and Theorem □ 

Corollary 4.5. Let J be an mx m signature matrix, let n G No, and let {Aj)^^Q be a J-Potapov sequence. 
Further, let /c,„ be the J-central J-Potapov function corresponding to {Aj)^^Q and let be the unique 
rational extension of fc,n- If n > 1, then let Vn € yn,j and Wn G 2nj. Let the matrix polynomials 
T^nj, Pn,j, cfn,j , and Tn^j be given by \2.9\) . i2.10\) . \2.11\l . and V2.12]) . Then the following statements are 
equivalent: 

(i) There is a unique f G 7^7,0(1^) such that Jj.^p is fulfilled for each j G No,n- 

(ii) The complex-valued functions det Trj^j and det a^^\ do not vanish identically, and = J {''^^n\y^ P^n\ 

holds. 

(Hi) Each of the sets JV^^in] and M-[n] consists of at most nm elements, and for each z G T \ M-[n] the 

matrix (7r|"7(-2))^"'"p[^ j(z) is J-unitary, and for each z G T \ A/'g.[n] the matrix T!^'^j{z){cr^^'^j{z))~^ is 
J-unitary. 

(iv) There exists some z G T\Af~[ii] such that is J -contractive, or there exists some 

z G T\ A/'-[n] such that *s J -contractive. 
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Proof. From Proposition 14.21 and Remark 14.31 we infer that, if (i) is fulfilled, then each of the sets N^[-n] 
and A/'-[n] consists of at most nm elements. Furthermore, Theorem 12.51 implies = TTnjPn^j — '''nli'^nj- 
Hence the equivalence of (i) and (ii) follows from Proposition l4.2l Moreover, [2^, Proposition 2.11] yields 

[Pn,jiz)]*Jpn,j{z) - [7r„,j(z)]* J7r„,j(z) = Rn+l,J 

and 

Tn.j{z)J[Tn,j{z)]* - Crn,j{z)J[(Jn,j{z)]* = L„+1,J 

for each z E T. Thus, taking into account [16, Lemma 1.2.2], we obtain 

= [nl:}jiz)]-'R^+,j[n^:ljiz)]-* > (4.1) 
for each z e T \ Af^M and, analogously, 

^(i'7(-)[4"'.(-)]-^) - J = [4"l7(-r*in+l,.[4"'.(-)]-^ > (4.2) 

for each z E T\Af~M . Thus, the implications (i)=>(iii) and (iv)^(i) are immediate consequences of (|4.ip . 
(14. 2p . Lemma HTTl and Theorem 1.3.3]. Finally, the implication (iii)=^(iv) is obvious. □ 

In his landmark paper [33] , V.P. Potapov obtained a multiplicative decomposition of a function / e P,/(B) 
into special factors belonging to 7',/(ID). Perhaps the simplest functions belonging to the class V.j(P) are 
particular rational m x m matrix- valued functions which have exactly one pole of order 1 in the extended 
complex plane. These functions will be discussed in the following two examples. 

For a € B, we denote by ba the normalized elementary Blaschke factor associated with a, i. e., for 
w e C\{-=r} we have 

f w , if a = 

ba[W) := < \a\ a-w 



oc 1 — a.w ' 



if a 7^ 0. 



Example 4.6. Let J be an m x m signature matrix and let a g D. 

(a) Let P be a complex m x m matrix satisfying P ^ Omxm, JP > 0, and = P. Let the function 
Ba.p ■■ C\{i} ^ C™^" be defined by 

Bc,,p{w) := /,„ + [bc,{w) - 1]P. 

For w G C\{rgr}, then the identity 

J - [B„Aw)]* J [Bo..p{yj)] = (1 - KH\^) JP 

holds. Thus, the restriction of the function Bq.p onto B belongs to 7',7,o(B). The function Ba^p is 
called the Blaschke- Potapov J -elementary factor oj first kind associated with a and P. 

(b) Let Q be a complex m x m matrix satisfying Q ^ Omxm, —JQ > and — Q. Let the function 
Ca.Q : C\{a} -> C"^™ be defined by 

Cq,q(w) := Im + 



ba{w) 
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For w e C\{a}, then the identity 

holds. Thus, the restriction of the function Ca,Q onto D belongs to ■Pj(D). In the case a ^ this 
restriction even belongs to Vjfi{lS)). The function Cq^q is called the Blaschke-Potapov J -elementary 
factor of second kind associated with a and Q. 

Observe that if J = —Im (respectively, J = Im), then there is no matrix P E C'"^™\{Omxm} (respectively, 
Q ^ C"^™\{0™xm}) such that JP > and ^ P (respectively, -JQ > and = Q). Consequently, if 
J = —Im (respectively, J = Im), then there is no Blaschke-Potapov J-elementary factor of first (respectively, 
second) kind. 

Example 4.7. Let J be an m x m signature matrix and let u E T. Furthermore, let i? be a complex mx m 
matrix satisfying R ^ Qmxm, JR > 0, and R^ = Omxm- Let the function Z?„ n : C\{u} cmx™ ]jq defined 

by 

u + w 

Du,r[w) := /,„ R. 

u — w 

For w E C\{w}, then the identity 

J - [Du,rH]* J [Du.r{w)] - ^^i— ^ Ji? 

\u — w\'' 

holds. Thus, the restriction of the function Du,r onto D belongs to Vjfi{D). The function D^.r is called 
the Blaschke-Potapov J-elementary factor of third kind associated with u and R. 

Observe that in the cases J — Im and J — —Im there does not exist a complex mx m matrix R ^ Omxm 
satisfying JR > and R^ = Omxm, i.e., there is no Blaschke-Potapov J-elementary factor of third kind in 
these cases. 

An mxm matrix function B meromorphic in C is said to be a, finite Blaschke-Potapov product with respect 
to J if either _B is a constant function with J-unitary value or B admits a representation B — Bi ■ . . . ■ Bn 
with some n E N where each of the factors Bj has the shape Bj = UjBjVj where Uj and Vj are constant 
J-unitary matrices and Bj is a Blaschke-Potapov J-elementary factor of first or second or third kind. 

Let us now introduce some notations. Let Cq := C U {oo} be the extended complex plane, and E := 
Co \ (D U T). Suppose that G is a simply connected domain of Cq. Then let MM{G) be the Nevanlinna 
class of all functions which are meromorphic in G and which can be represented as quotient of two bounded 
holomorphic functions in G. If / € N'A4{B>) (resp., / E A/'A4(IE)), then a well-known theorem due to Fatou 
implies that / has radial boundary values A-almost everywhere on T, i.e., there exists a Borel measurable 
function / : T ^ C such that 

lim f{rz) — f{z) (resp., lim f{rz) — f{z)) 

r— >1 — — r— ^1+0 — 

for A-a.e. z eT, where A stands for the linear Lebesgue measure on T. 

Recall that each entry function of a given matrix- valued function / E ^'./(B) belongs to J\fA4{3) (see, 
e.g., [2^, Corollary 3.6]). In particular, every / E 7^j(0) has radial boundary values A-a.e. on T. This 
observation leads to the following notion. If J is an m x m signature matrix and if / G 7^j(D), then the 
function / is called J-inner, if / has J-unitary radial boundary values A-a.e. on T. In the special case 
J = Im , the class of all J-inner functions in D coincides with the class of all inner mxm Schur functions 
in D, i.e. the class of all functions / E Smxmi^) which have unitary radial boundary values A-a.e. on T. 

Remark 4.8. Let J be an m x m signature matrix, and let S be a finite Blaschke-Potapov product with 
respect to J. Then Examples 14.61 and 14.71 and [16, Lemma 1.3.13] show that B is a rational mxm matrix- 
valued fmiction and the restriction of B onto D n Hs is a J-inncr function. 
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For our purposes it will be important that the converse statement given below is also true. This well- 
known fact is a particular consequence of V.P. Potapov's famous factorization theorem for J-Potapov func- 
tions [3^. 

Proposition 4.9. Let J be an mxm signature matrix, and let B be a rational mxm matrix-valued function 
such that the restriction of B onto D n is J -inner. Then B is a finite Blaschke-Potapov product with 
respect to J . 

Now we can give a further characterization of the case that the interpolation problem (P) has a unique 
solution. 

Theorem 4.10. Let J be an mxm signature matrix, let n G Nq, and let {Aj)'j^Q be a J-Potapov sequence. 
Further, let fc,n be the J -central J-Potapov function corresponding to (^j)jLo '^"■'^ ^^^^ unique 

rational extension of fc,n ■ Then the following statements are equivalent: 

(i) There is a unique f G 'Pj,o(I^) such that {l.-j^ is fulfilled for each j g No,n (namely f — fen)- 
(a) ff^ is a finite Blaschke-Potapov product with respect to J . 
(Hi) fen is J -inner. 

(iv) There is some z G T \ {Mp^ , C] J\fr^ j) such that the matrix f^ni^) J-unitary, where Pn,j and Tn^j 
are given by \2.1(J\) and i2.12\) with some Vn € and Wn € ifn>l. 

Proof. The equivalence of (i), (iii), and (iv) is an immediate consequence of CoroUarv 14.41 Furthermore, 
Rcmark l4.8l and Proposition l4. 91 vield the equivalence of (ii) and (iii), since fc,n is the restriction of a rational 
mxm matrix- valued function onto D H H/^ ^ . □ 

We are now going to derive some kind of converse statement. More precisely, we will show that for each 
finite Blaschke-Potapov product B (with respect to J) which is holomorphic at 0, there exist an n e No and 
a sequence (Aj)"^o such that the restriction of B onto B n is the unique / S Vjfi{D) such that p.4p is 
fulfilled for each j e No.„. In our proof we will refer to the corresponding result for matricial Schur functions 
obtained in [25] . The following observation, which is based on the well-known concept of Potapov-Ginzburg 
transformation (Potapov 35], Ginzburg [23], see also, e.g., [1^), will enable us to do so. 

Remark 4.11. Let J be an m x m signature matrix, and let 

Pj:=i(/ + J) and Qj:=i(/-J). (4.3) 

Let B be a finite Blaschke-Potapov product with respect to J. Then we see from Remark 14.81 and (26l 
Proposition 3.8] that det{CljB{w) + Pj) 7^ for each w £ D n Mb, that the matrix-valued function 

S:^{PjB + Qj){QjB + Pj)-^ (4.4) 

is holomorphic in D, and that the restriction of S onto D is an inner mxm Schur function. Since S is 
a rational matrix- valued function. Proposition 14.91 yields that S* is a finite Blaschke-Potapov product with 
respect to the signature matrix Im. 

Conversely, if 5* is a finite Blaschke-Potapov product with respect to the signature matrix /„j such that 
det(QjS' + Pj) does not vanish identically, then a combination of Remark 14.81 and 26, Proposition 3.8] 
shows that the restriction of the matrix-valued function 

B:^iPjS + Qj){QjS + Pjr^ (4.5) 

onto DnHs is J-inner. Applying again Proposition l4.91 we infer that _B is a finite Blaschke-Potapov product 
with respect to J. 
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Proposition 4.12. Let J be an m x m signature matrix, and let B be a finite Blaschke-Potapov product 
with respect to J such that G Hs. Furthermore, let 



B{w) 



E 

k=Q 



Akw" 



(4.6) 



be the Taylor series representation of B for each w belonging to some neighborhood o/O. Then there exists 
an n G No such that 7^j.o[B, (^j)"=o] = {/} where f denotes the restriction of B onto D n Mb- 

Proof. Let the matrix- valued function S be defined by (|4.4p . where Pj and Qj are given by (|4.3p . Remark 
I4.f f I yields that 5 is a finite Blaschke-Potapov product with respect to the signature matrix /„. Let 
'S'('w^) = J2T=o ^kW^ be the Taylor series representation of S for each w G Id. Then pBI . Proposition 7.7] 
implies that there exists an n G No such that the restriction of S onto D is the unique mx m Schur function 
g satisfying g''^''{0) — jj- for each j G No,n- Remark provides us that / belongs to Vj^o[^, (^j)^=o]- ^ow 
suppose / G Vj^olD, (^j)"=o]- From ^ Proposition 3.4] it follows that det(Qj/(w) -I- Pj) ^ holds for 
each U! Mj and that the matrix- valued function 

g:^ {Pjf + Qj){Qjf + Pjr^ 

is an m X m Schur function. Let g{w) — J^kLo ^kw'' be the Taylor series representation of g for each w G D. 
From [2^ Remark 6.1] we obtain Cj — Cj for each j G No,ti and therefore g = g. Finally, an application of 
[ii, Proposition 3.4] yields det(Qjg(0) + Pj) ^ 0, det(Qjg(0) + Pj) ^ 0, and 

/ = {Pj~g + Qj){Qjg + Pj)-' = {Pjg + Qj)(Qj5 + Pj)"' - /■ 

This completes the proof. □ 

Corollary 4.13. Let J be an m x m signature matrix, let Pj and Qj be given by 114. 3\ l, and let B be a 
rational m x m matrix-valued function. Then the following statements are equivalent: 

(i) B is a finite Blaschke-Potapov product with respect to J . 

(ii) There are some mx m matrix polynomials n and p such that det p does not vanish identically and the 
following three conditions are satisfied: 
(I) B = Trp-\ 

(II) det[Qj7r(w;) + P,/p(w)] ^ for each u; G B. 

(III) [p{z)]* J p{z) = [7r(z)]* J7r(z) for each z G T. 

(Hi) There are some mx m matrix polynomials a and r such that detr does not vanish identically and the 
following three conditions are satisfied: 

(IV) B = T- V. 

(V) det[CT(w)Qj - t{w)Pj] ^ for each w G D. 
(VI) t{z)J[t{z)]* = aiz)J[aiz)]* for each z G T. 

Proof, (i)^(ii): Let the matrix-valued function S be defined by (|4.4[) . Then from Remark 14.111 we know 
that 5* is a finite Blaschke-Potapov product with respect to the signature matrix /„. Thus, [25|, Corollary 
7.8] yields the existence of some mxm matrix polynomials ns and ps such that the following three conditions 
are satisfied: 

(F) S^TTsPs'- 

(IF) det ps{w) ^ for each w G B. 
(IIF) \ps{z)\* ps{z) = \iis{z)\*t:s{z) for each z G T. 
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Let TT := PjTTs + QjPs and p := Qjtts + PjPs- Then we have p = {QjS + Pj)ps- From Remark and 
[2^ Proposition 3.4] it follows that det(Q,/S' + Pj) does not vanish identically in D, and therefore det p does 
not vanish identically. Taking into account (I'), (IT), and (Iir)j straightforward calculations show that the 
matrix polynomials tt and p fulfill conditions (I), (11), and (III). 

(ii)^(i): From (I) and (II) we see that det(Q,7_B + Pj) does not vanish identically in D, i.e., the matrix- 
valued function 

S:= (P,7B + Q.7)(QjB + Pj)-i 

is well-defined. Using (I), (II), and (III), it is readily checked that the matrix polynomials tts := Pjvr + Qjp 
and ps ■= QjTT + Pjp fulfill conditions (F), (IF)j and (IIF)- In particular, 5* is a rational matrix-valued 
function holomorphic in D. Moreover, from (F) and (IIF) we infer that T \ Afp<, C H5 and that S{z) is 
unitary for each z e T \ JVp^ . Since Afp^ is a finite set, it follows that T C Hg and that S{z) is unitary for 
each z G T. Thus, a matrix version of the maximum modulus principle yields that the restriction of S onto 
D is an inner m x m Schur function. Proposition 14.91 ensures therefore that S* is a finite Blaschke-Potapov 
product with respect to the signature matrix /„. Using well-known properties of the Potapov-Ginzburg 
transformation (see, e.g., [2^, formula (2.6)]) we obtain that det(Q,7S' -I- Pj) does not vanish identically in 
D and that B = (PjS + Qj)(Qj5' -|- Pj)~^ holds. Consequently, an application of Remark 14.111 vields (i). 
Thus, the equivalence of (i) and (ii) is proved. 

Taking into account additionally [26l . Remark 2.1], the equivalence of (i) and (iii) can be shown similarly. 

□ 



5. The nondegenerate case 

The main goal of this section is to specify some of the preceding results for the interpolation problem 
(P) in the nondegenerate case. Moreover, we will state a complete description of the Weyl matrix balls 
associated with a strict J-Potapov sequence (Aj)"^Q. The results in this section extend the corresponding 
well-known results for the nondegenerate matricial Schur problem (see, e.g., [l6|^. 

Let J be an TO X TO signature matrix and let k € Nq U {+00}. Throughout this section, we consider a 
strict J-Potapov sequence {Aj)j^Q. Observe that in this case the matrices and Qnj are nonsingular 
for each n G Nq^^- Moreover, from [27|, Lemmata 3.3 and 3.7] we know that, for each n G No,k, the matrices 
Ln+ij and Rn+ij are nonsingular as well. Obviously, for each n g Ni_k, the sets yn,j and Zn,j defined by 
STM and (1121), respectively, fulfiU y^j = {Vj^} and Z„,j = {W°} where 

Vn ■■= Q-\jS:_,J[^^,]y,, and W° z„ J[„_i]5*_iP-_\^^. (5.1) 

In the sequel, whenever a strict J-Potapov sequence {Aj)^^^ is given, then let for every n G No,k the matrix 
polynomials 7r„_j, pnj, (t„^j, and t„^j be defined by 

, X / ^0, if n = 

( \ - I if n = 

P^''^'^'- \ /™ + u;e„_i,™(«;)J[„_i]5*_iP-_\ ,,y„, if n e N, ^^""^^ 

( \ - I if n = 

'^"'■'^'"^ 1 z.^Q-\ jJ[,,_^^wen-i,M + ^0, if n G N, ^^"^^ 

and 

( \ - I if n = 

rn,j\w) .- I ^„Q-i^^^5;_^ j[„_^]^e„_, „(u;) + /„, if n G N ^^•''^ 

for each w G C. In view of [28l . Remark 5.2], for each n G Ni.k, the matrix polynomials ^^n,J^ Pn,j, <^n,j, and 
Tn,j satisfy 

7r„,j(w) = Ao + wen-i,r,i{w){yn + Sn-lV^), (5.6) 
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Pn,,j{w) = /,„ + we„_i,„(w)i;P, (5.7) 

= {W^Sn-l + Zn)wen-l,rn{w) + Aq, (5.8) 

and 

Tn,j{'w) = W°WSn-l,m{'w) + Im (5.9) 

for all w d C Furthermore, whenever a strict J-Potapov sequence {Aj)j^Q is given, then let the matrix 
polynomials and Dn,j for every n g No,k be defined by 



(5.10) 



and 



S)„ j(iy) ( V^^+i.-^ 0™xm _ \ / wp,"/w;) J w%^j{w)j\ ^^ -^^^ 

for each w e C. In the case k > 1 we observe that, for each n G Ni^k, the matrix polynomials £„.j and S„,j 
can be factorized via 

€nj = €ojGij-...-Gnj and I)„,j = iJi,jDo,j (5.12) 

where for each k S Ni,„, Gfc,j : C C^™^^™ and Hk^j : C ^ C^'"^^^™ ^re defined by 



r< / \ I Im Kk.j\ / Wy/Lk.Jy/Lk+l.J Omxm \ /rio\ 

Gkj{w) ■■= [ j^* / ) I „ rT, 1 I (5-13) 



1,J 



and 



with 



-1 



Kkj := (Ak - Mk,j)^Ri~, (5.15) 

(see [2^ Proposition 5.6]). For a more detailed discussion of the matrix polynomials introduced in (|5.10p - 
(I5.14P we refer the reader to 0, Section 5]. The special case J = Im was already treated in [2^, Section 
3]. 

Let us now recall the notion of linear fractional transformations of matrices (see Potapov [33 | or [l6l . 
Section 1.6]). Let p,q G N, and let A and B be complex {p + q) x (p + q) matrices and let 

be the block representations of A and B with p x p blocks a and (5. If the set 

Q^X'"^ := {x e : det(ca; + d) 7^ 0} 

is nonempty, then let 5^^''^ : Q^''^ -> Cp^« be defined by 

Sf'^\x) (ax + 6)(ca; + d)-i. 

If the set 

is nonempty, then let T^''^^ : TZ^^'''^ ^ C^^' be defined by 



7e^«'^^ := {a; G ^« : det(a;7 + S) ^ 0} 



T^'''''\x) := (x7 + (5)-i(:Ea + /3). 

Observe that q'^J''^^ 7^ if and only if rank (c, d) — q. Moreover, T?.^'^' 7^ if and only if rank (2) = p. 
We will now specify Theorem ll.4l in the nondegenerate case. 
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Theorem 5.1. Let J be an m x m signature matrix, let n G No, and let (Aj)"^Q be a strict J-Potapov 
sequence. For every S G Smxmi^) o-nd each w CzD for which S(w) S S^"'™!,) satisfied, let 

/5(^):=4':'7i)(5H). (5.16) 

Then, for each S G Smxmi^), by I15.16\) a matrix-valued function fs meromorphic in D is given, and the 
set H/g of all w (z^ at which fs is holomorphic fulfills 

={wen: S{w) G Q'^Z'Til)} - {^^ e © : S{w) G 

Further, for each S G Smxrn{^) and each w G Hjg, fs admits the representation fs{w) ~ 7'^'"^j^^(S{w)). 
Moreover, 

holds true. 



Proof. If n > 1, then y^^j = {V^}, Zn.j = }, and (gSll-lEni) hold true. Thus, due to det y^L„+i.j ^ 
and det y^Rn+i.j ^ 0, all the assertions follow immediately from Theorem 1 1.41 □ 

In the special case J = Im, Theorem 15.11 goes back to Arov/Krein [2], who obtained this result as 
a consequence of the Adamj an/ Arov/Krein paper [l[ on the matricial Nehari problem. For an alternate 
approach to Theorem 15. ll in the case J = /,„ we refer to [3, Section 3.10] and [2l| . 

Lemma 5.2. Let J be an m x m signature matrix, let n G No, and let {Aj)J^Q be a strict J -Potapov 
sequence. Then 

dete:„,jM = det2)„,j(u.) = 

holds for each w G C. 



Proof. From [27|, Lemma 3.11] we know that 

det Lk+i,j = det Rk+i,j (5.17) 

for each fc G No n ■ In view of 



^ r \ I "^J ( \/Ll.J Umxm 



an application of [3, Lemma 1.1.7] yields therefore for each w G C 



det£o,j(w) = w"' det{J ~ AoJA*o)y/dctLij ^det Rij = w"*. (5.18) 

Now suppose n > 1. For each k G Ni^„, let Kkj be defined by (|5.15p . and let the matrix polynomial Gkj 
for each w G C be given by l|5.13p . Then [23, Proposition 4.1] provides us 



Lk+i,j = VL^Tiil - Kk,jKlj)^L^j (5.19) 

for each k G Ni^„. Taking into account (|5.13p . [l6l . Lemma 1.1.7], (|5.17p . and (|5.19p . we obtain for each 
G Ni.n and each w G C 

detGfe,j(«;) = det(/ - KkjKl j) det(y^y^Lk+iy^) det(y^y^Rk+iy^^ 

= det(/ - Kk,jKlj) ■ det • (det Lfe+i,j)"' = (5.20) 

Similarly, it can be checked that for each k G Ni.„ and each w G C the equations 

det Hkj{w) =w'^ and det Do,j(u;) = (5.21) 

hold true where Hk,j : C ^ C^"^^™ jg defined by ([STi]) . Hence the assertion follows from (jST^ . ([On]) . 
([OT|) . and ((5T2)) . ' □ 
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We are now interested in describing particular subsets of Pj.op, (Aj)"^Q] for a given strict J-Potapov 
sequence (Aj)"^Q. For this purpose, let us recall the notion of pseudocontinuable functions. Let AfA4{B>) 
and AfAi (E) be the Nevanlinna classes of meromorphic functions introduced in Section U) Then a (scalar) 
meromorphic function / in D is said to be pseudocontinuable (into Ej if it belongs to A/'A^(B) and if there is 
an S AfM{E) such that the radial boundary values / and of / and respectively, coincide A-a.e. 
on T. This function is then called the pseudocontinuation of f (into EJ. Clearly, a function / S AfM{^) 
admits at most one pseudocontinuation f^. A matrix- valued meromorphic function / in D is said to be 
pseudocontinuable if each entry function of / is pseudocontinuable. It is easy to see that every rational 
matrix-valued function in D and every J-inner function is pseudocontinuable. 

Now we are going to describe the sets P^^qP, (^j)"=o] (^sp., V^qIB, (Aj);'^^,], Vj^o[B, (Aj)^^o]) of aU 
matrix- valued functions / G VjfllJ}, (Aj)^^^] which are pseudocontinuable (resp., rational, J-inner). In 
the following, we denote by Sf-^y.^{B) (resp., 5^xm(I^); ^rnxmi^)) set of all pseudocontinuable (resp., 
rational, inner) m x m Schur functions in D. 

Proposition 5.3. Let J be an m x m signature matrix, let n G Nq, and let (ylj)"^Q be a strict J-Potapov 
sequence. For each S G Smxm(^), let the matrix-valued function fs be defined as in Theorem \5.1\ Then: 

(a) T'^yO, {A,y;^,] ^{fs:S& 5^=,„(B)}. 

(b) vi^[n, {A,)^^^] = {fs:s& s:^^^m- 

(c) Ej,o[D, {A,)^=^\ ={fs--S& 5„,„(D)}. 

Proof, in view of Theorem 15. 11 Lemma and [3, Proposition 1.6.2], it follows 

/5(u;)=4:;™i)(5(«;)) and S{w) ^ S^^f^ps{w)) (5.22) 

for each S G 5m,xm(ID>) and each w G H/^ \ {0}. Since the matrix-valued functions £„_j and £~ j are 
both rational, (a) and (b) follow from (|5.22p . Theorem 15.11 and the arithmetic of pseudocontinuable and 

of rational matrix-valued functions. Now we will prove part (c). Let £„^j = ^'i] [22] 1 be the block 

partition of into m x m blocks, and let S G Smxm{^)- If S_ (resp., fs) stands for a radial boundary 
function of S (resp., fs), then we get S_{z) G Qg™'™^) and fsiz) = '5^'"'™^^(S(z)) for A-a.e. z G T. Further, 
from [281, Proposition 5.7] we know that £* j{z)J^€n,jiz) — diag(/m,— /„) holds for every z G T, where 
:= diag(J, — J). Hence a straihgtforward calculation yields 

J-fs*Jfs 
= (<'k + <"])-* 

• [i^k + €13) v(<:]5 + «) - (<k + v(<!j^ + €[3)] 

= (£H^+£L3)~*[- (^^^) -^.j^/^Cn^j- (r,/)i(<'k+<1)-^ 

= i<k + ei)-* {I - s*s) (ei-js + eg)- 

A-a.e. on T. Thus, taking into account Theorem 15. 11 we obtain (c). □ 

We are now going to describe the Weyl matrix balls corresponding to a given strict J-Potapov sequence 
{Aj)^^Q. For this purpose, we need some preparation. For p, g G N wc will work with the special {p+q)x (p+q) 
signature matrix 

jpg := dmg{Ip,~Iq). 

Further, let Kpxq be the set of all contractive matrices from C^^"?. 

A closer look at the proof of [3, Theorem 1.6.3] shows that the following result holds, which is shghtly 
more general than [H, Theorem 1.6.3]. 
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Lemma 5.4. Let p,q £ N, let A be a nonsingular matrix from <C}^p+i)^^p+i) ^ and let 

W := A-*jpqA-^ and V := AjpgA* . (5.23) 

Let 

All Ai2\ „, fWii Wi2\ , fVii Vi2 



A = , w^i , and v=i : ' (5.24) 

V^21 A22)' \W21 W22)' \V21 V22J ' 

be the block partitions of A, W , and V , respectively, where An, Wn, and Vn are p x p blocks. Suppose that 
A22 is nonsingular and that the matrix A22 A21 is strictly contractive. Then the matrices Wn and V22 are 
nonsingular, the inclusion IKpxg ^ Q^''''' holds, and the identities 

sf''\Kpy,q) = {r e CP^« : -{Y*,I)W{Y\Ly > 0} = ii{M;VL,VR) 

are satisfied where 

M := -Wn^Wi2 = 
L := ^ Vn - Vi2K,2'^2i > 0, (5.25) 

and 

R := W2iWn^Wi2 - W22 = -¥22^ > 0. (5.26) 
Remark 5.5. Under the assumptions of Lemma [5T4l the identities 

detL (-1)9 



det R det W 



\detA\' 



hold true, where L and R are given by (|5.25p and (I5.26p . This can be easily seen from the well-known Schur 
block decomposition of the matrix W (see, e.g., (l6|. Lemma 1.1.7]). 

Lemma 5.6. Let J be an n2 x m signature matrix, let n G No, and let {Aj)"^Q be a .strict J -Potapov 
sequence. Let £1 : C — > C 6e defined by w t—^ w. In view o/detp„^j(0) ^ 0, let 



Xn,.J ■■= £l^yRn+l,.JP„jJ^„j\/Ln+l,.J ■ (5.27) 

Then {w G D : det pnj{w) 7^ 0} = {w G B : det r„^j(u)) 7^ 0} holds, and the identity 



Xn,J = Si^jRn+l,J < J>/T„_jV^n+l,J (^-28) 

is satisfied. 

Proof. First we note that, in the case n > 1, equations (j5.6p - (j5.9p hold true where and W,^ are 

given by ((5?T|l . Thus, from 1281. Propositions 2.19 and 2.20] we get {it; G D : detp„^j(w7) 7^ 0} = {w G B : 
deiTnj{w) 7^ 0}. Further, [28j, Remark 2.5 and Theorems 2.7. and 2.8] imply the identities 

J -In] ~[n] ~\n] ~[n] , - r>n\ 

T„,j7r„,j = an,jPn,.j and irl^ 'j = P„jCr„j. (5.29) 



Moreover, j28l . Proposition 2.11] yields 

Pn!jHJpn,j{w) - 4"17(U') J^«,j(«^) = W''R„+1,J (5.30) 

and 

Tn,jiw)Jf]^''}j{w) - a„^j{w)Jal[^^j{w) = w'^L^+ij (5.31) 

for each w e C. Now let w G B be such that detp„,j(it;) ^ 0. Then using ((5?29| . ((O0|) . and (|OT|l we 
obtain 

u;"i?„+i,j[p„,j(u;)]-ijai"l,(«;) 
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and therefore ([g?^ . □ 

Remark 5.7. Let G N, and let K € CP""?. Then, using [H, Remark 1.1.2, Lemma 1.1.13] and the 
singular value decomposition of K, it is readily checked that det (Jp + KX) ^ holds for each X G Kgxp if 
and only if K is strictly contractive. 

Now we are going to determine the Weyl matrix balls associated with a finite strict J-Potapov sequence. 

Theorem 5.8. Let J be an m x m signature matrix, let n G No, and let (Aj)"^Q be a strict J-Potapov 
sequence. Further, let Xn.j be given by ^5.27\ l, and let w G ©. Then: 

(a) The following statements are equivalent: 

(i) Every f G V,j.o[^, {Aj)"^Q\ is holomorphic at w. 

(a) The condition det pn^j{w) ^ holds, and the matrix Xn,j{w) is strictly contractive. 
Moreover, the set 

H(") Pi Mf (5.32) 

/e-p,7,o[D,(A,)5'^o] 

is open m D. In particular, there exists a positive real number r such that the inclusion {u G B) : |u| < 
r} C H(") holds. 

(b) Suppose that (i) is fulfilled. Then the matrices 

$„,jH := [r„,jM]*L-^i_^T„,j(«;) - \w\'' J[k^:}j{w)]* R-l,^j^^:}j{w)J (5.33) 

and 

^nA^) ■■= PnA^)RnllAP^Aw)T " I ' J M^^+l, J 1/ («^)] * (5-34) 

are both positive Hermitian, and the identity 



{f{w) : / G Vjflp, {A,)"]^^]} = Si(^MnAw); \wr+'^Cn,jiw), ^n„j{w)) (5.35) 
holds true where 

MnA^) [<^nA^)r' {[rnAy^WL-lij'^nAy^) " A^njHV KIij^Hj) > (5-36) 

Cn,j{w) := [^n.j{wT\ and TZnjiw) := [«'„,j(w;)]-i. (5.37) 
Moreover, the matrix Mn,j{w) admits the representation 

MnAy^)^(7:nAw)RnllAP-A^)y " I ' J H^^+l.,/ J H] * [*n,jM]~'- (5-38) 
(c) Suppose that (i) is fulfilled. Then the identity dei Cn,j{w) — detTZn. j{w) holds true. 
Proof, (a) First we note that in the case detp„_j(w) 7^ we have 

det (wJal^^j{w)y/ Ln+l^,I ^S{w) + Pn,ji'w)y/ Rn+l,J ^) 



= detp„,j(u;) • det y^Rn+i,j ■ det[I„^ + Xn,j{'w)S{w)] (5.39) 
for each S G Smxm{^)- Now suppose that (i) is satisfied. Then Theorem 15. II implies 

det {wJa^J^jj{w)^Ln+iy^ S{w) + PnA^)^R^A^) + (5.40) 
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for each S G Smxm{^)- In particular, detp„^,/(w) 7^ follows. Hence, (|5.39p and (|5.40p imply det[/m + 
Xn,j(ti')'S'(u')] 7^ for each S G Smxm(^)- Thus, Remark [??71 yields (ii). Conversely, now let (ii) be satisfied. 
Then from Remark 15.71 we get det[/m + Xri,,/(w)5(u')] ^ for every S G Smxmi^)- In view of det Pn,j(w) 7^ 
and (j5.39p it follows therefore that (|5.40p holds for each S G Smxm{P)- Taking into account Theorem 15.1 
we obtain (i). Thus, (i) and (ii) are equivalent. Furthermore, since Xn,j is continuous in the open subset 
{w G B : Aet pn,j{v) 7^ 0} of ID, the equivalence of (i) and (ii) implies that the set H'^") is open in D. In 
particular, because of G H^"\ there is an r > such that {w G D : |w| < r} C H'"^ holds. 

(b) In view of {/(O) : / G Pj.oP, (^j)"=o]} = {^0}, the case w = is trivial. Now let w 7^ 0. From part 
(a) we know that (ii) is valid. Hence we have 



*n,./(w) = Pn,j{w)^ Rn+l^J ^ {^I - Xrh.j{w)[Xn,J {w)]*^ (^Pn,J {w) Rn+1.,] ^) 



> 0. 



Similarly, using Lemma we obtain ^n..j{w) > 0. Taking into account (i) and Theorem 1 5. 11 we get (|5.40p 
for each S G S„ixmi^) and, consequently, K^xm ^ Q^™'™|„). Further, Theorem 15.11 provides us 

{f{w) : / G V.j,oP, {A,)]^o]} = 4r:"l)(IE^™x™). (5.41) 
According to [H, Lemma 5.4], the identity Tinj{w)Umn-Xn,jiw) = w^^^^Umm holds where 

TT ( ^mxrn \ /r 

Urnjn ■= { r n ' (5-42) 



Because of w 7^ this implies det €n.j{w) 7^ and, in view of (|5.1ip 



fe: jyAr^-^—l V ^n+u Vn,j(w) - ^l^+u V„,/(w) \ 

W"+' \-Wy/Rn+lJ Kj{w)J Wy/Rn+lJ Pn^jHJj 

Let W :— [*tn,j{'w}]~*jmm[^n,.j{'w)]^^ and V :— €n^j{w)jmm[^n,.j{'w)]* . Let the block partitions of W and 
V be given as in (j5.24p where Wn and Vn are m x m blocks. Having in mind condition (ii) and Lemma 
15.41 we see that the matrices Wu and V22 are nonsingular. Moreover, using (|5.43p and (|5.10p it is readily 
checked that 

Mn,j{w) ^ -W{{^Wi2, \w\^'^''+'^C„,j{w)^Wri, and Unjiw) = -V^'^^ (5.44) 
hold true. Thus, condition (ii) and Lemma 15.41 provide us 



4";"i)(K„xm) = Si[Mn,jiw); \w\^+^^I^J(w), ^[uZh) (5.45) 

and M.n,.i{w) ~ Vi2V^^ . It is easy to see that the latter identity implies (|5.38p . Finally, (j5.4ip and (j5.45p 
yield ((5^ . 

(c) According to [i^. Lemma 3.11] the equation detL„+i^j = deti?„+i,j holds. Thus, in the case w ~Q 
the assertion of (c) is obvious. Now suppose it; 7^ 0. Then using det<Ln, j{w) 7^ 0, (ii). Lemma [5.41 (|5.44p . 
Remark 15.51 and Lemma 15.21 we obtain 

det(H-^"-^^)A..(^)) ^ |dete:„,,(.)P . 
det TLn,j{w) 

and, consequently, (c). □ 

From now on, whenever some k G NoU{+oo} and a strict J-Potapov sequence (Aj)^^g are given, then, for 
each n G No,«, let the set H(") and the matrix-valued functions Mn.j ■ H(") c"^", £„„/ : H^"' c'"^", 
and TZnj : H^"^ ^ c™^"" be given by (jO^ . (jOi)) . ([QS]) . and (jOT]) . respectively. 

A closer look at formula (|5.35p shows that there occurs an appropriate normalization of the left semi- 
radius of the matrix ball under consideration. This type of normalization originates in V.K. Dubovoj's paper 

p. 
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Remark 5.9. Let J be an m x m signature matrix, and let Aq be a strictly J-contractive matrix. Then a 
straightforward calculation yields 



I- 



In the case J ^ I„i this implies \\y/ Ri^jJAQy/ Li^j || > 1- Taking into account Theorem 15.81 we see that 
H'^''^ coincides with the set of all u; S B for which the matrix w Rij J A^^J Li j ^ is strictly contractive, 
i.e., El(°' = {w &<C\\w\< To} where 

1, ifJ = /,n 

\ \\^Jlh7jJAl^j-\\-\ ifJ^/„,. 

In particular, if / is some matrix- valued function belonging to Vj^ip) such that Aq := /(O) is strictly 
J-contractive, then / is holomorphic in the open disk {w S C : jwl < ro}. Further, it is readily checked that 
in the case J ^ /,„ the identity ro = W^Ri.j A'^J Li_j\\^^ holds. 

Remark 5.10. Let J be an m x m signature matrix, let n e Nq, and let (Aj)"^g be a strict J-Potapov 
sequence. Then Remark 15.91 provides us in particular {w G C : jwl < ro} C H'^"^ where ro is given by (|5.46p . 

The following result was inspired by 0, Proposition 7.2]. However, the strategy of the following proof 
of Proposition 15 . Ill is completely different from the proof of 24, Proposition 7.2], which is essentielly based 
on using Christoffel-Darboux formulas. 

Proposition 5.11. Let J be an m x m, signature matrix, let n € No, and let (^j)"^o strict J-Potapov 
sequence. Let w G H*-"' . Then: 

(a) Cn,j{w) > Cn+i,j{w) and Tln,j{w) > Tln+i,j{w). 

(h) Let Kn+i.j be given by i5.15\) . and let Xn,J &e defined by \5.2'~/^ . Then the following statements are 
equivalent: 

(i) i^n,j{w) = Cn+l,j{w). 

(a) Tl„,j{w) = 7?.„+i,j(w). 
(lii) Xnjiw) = -'K*^^ j. 
Moreover, ifw^O, then (i) is equivalent to 
(iv) Mn+i,.j{w) = /c,„+i(w), 

where fc.n+i denotes the J -central J-Potapov function corresponding to {Aj)^^^ . 

Proof. First we note that, in view of H^") C M'^"^^' and part (a) of Theorem 15.81 the complex matri- 
ces Ln+i,j{w), TZn+i.j{w), A4n+i,j{w), and Xn,j(w) are well-defined. Further, let Gn+i,,j and Hn+i,j be 
defined via (|5.13p and (|5.14p . respectively. From [27j, Proposition 4.1] we know that Kn+i,j is strictly con- 
tractive and that the identities L„+2,j = Ln+ij{I - Kn+i,jK*^-^^j)y^ Ln+i,j and Rn+2,j = y^Rn+ij{I- 
^"^n+i jt^n+i,j) \/ Rn+ij hold. Having this in mind, we obtain 

J mm 

I K:^,j\f\w\^{L-K:^,^jK,,+,,j)-^ 



Kn+l,.J I 



(5.47) 
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Taking into account (|5.47p and the identities Kn+ij{I - K^^j^ jKn+i,j) ^ = (/ - Kn+i, jK*^^^ j) ^Kn+i,j 
as well as j)^^ = i^^-^n+i j-^n+i-.-')^^^n+i J' ^ Straightforward calculation yields 

Jmm 



^Kn+l,jil ~ K*^^jKn+l,j) ^ Kn+l,.jil - K*^^jKn+l,.j) ^ K*^+IJ ^ 

= (1- |«;n(/,if*+,_^)*(/-if*+, ,,if„+i,^)-i(/,X;^,^^). (5.48) 
Analoguosly it can be checked that 

jmm " Gn+l.j[w)3„,m[Gn+lj{w)Y = (1 - ^ ^ (/, X„+i,.;)* (/ - i^„+i, ji^ * + -1 (/, i^„+l, j) (5.49) 

holds true. Further, because of (|5.12p the equations 

<in,.j{w)Gn+i,.j{w) = <Ln+i.,.j{w) and Hn+i^.j(w)'Dn,.j{w) ^T)n+i,.j{w) (5.50) 

are fulfilled. For k G {n,n + 1} let $fc,j(w) and '^k,j{w) be given by (|5.33p and (|5.34p . respectively. It is 
readily checked that 

^k,j{w) = -{Omxrn, Im)[^k,jiw)]* j„im'Sk.jiw){0„ixm, Im)* (5.51) 

and 

^k.j{w) = -{OmXTU, Im)^k,j{w)jmrn['^k,j{w)]* {OmXTTi, Im)* (5.52) 

hold for each k e {n,n + 1}. Using (|5.5ip . (|5.50p . (|5.48p . and Lemma EH] we obtain 

)[£>„, .7(w)]* j„i„i - [i/„+l,,/(w)]*j,„„i?„+i^j(w) £>„,j(w)(Omxm,/m)* 

- (1 - |u;n(0„,xm,/m)[S)„„7(^«)]*(/,if* + l^j)*(/" i^:+l.ji^„+l,j)-' 
• (/,Ji:* + i,j)D„„/(w)(Omxm,/m)* 

/ . ^ r 1 ]^ \ * 

= (1 - \w\'^){wy/Rn+l,J ^nj{w)J + K*^j^^j Ln+l^J T„^j{w)j 

= {i-\w\^)[T^Aw)]*./L;:^j~\xnAw)+K+i.j)\i-K^^ 

■ {xn,j{w) + ^L„+i,j V„,j(w) (5.53) 
and, analoguosly, 

j(w) - *n,j(w) 

= (1 - |wp)p„^j(u))^i?„+i,j ^ (xnj{w) + K;,+ ^j^{I - Kn+l.jK;,+ ij) ^ 

n+l,J [Pn.jiw)]* . (5.54) 

In view of Theorem Ol we have < Ckj{w) = [$fc^j(w7)]"i and < Tlkjiw) = [*fc,j(«^)]"^ for k e 
{n, n + 1}. Further, because of part (a) of Theorem 15.81 and Lemma 15.61 the matrices p„.j(w) and Tn^j{w) 
are both nonsingular. Consequently, since (/— if*^^ jKn+i,j)~^ and {I—Kn+i^jK*^-^^ are both positive 
Hermitian, (|5.53p and (|5.54p imply (a) and the equivalence of (i), (ii), and (iii). 

Now let w ^ 0. Because of w e H^"^ Theorem 15.11 vields K^xm ^ Q^™'™^)- In particular, K„+ij € 
Sff"'™™)' Hence, in view of (|5.15p . Corollary 12. 81 fin combination with (|5.6p - (|5.9p ) implies 



/,,„+!(«;)= 5™ )(i^„+i.j). (5.55) 
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Furthermore, from the block representation of €n+i,j{w)jmm[^n+i,ji'w)]* and Theorem 15.81 (see formula 



(|5.38p) we infer that Omxm € QI™','"'' /,„^. , , ,(„a^, and 



+ J («')imm[£„ + l,, /(•"')]* 



are satisfied. Because of w G H^"^ part (a) of Theorem 15.81 provides us Omxm G Q[™'7(^)]*' '^'^ns, 

4"I:7w]-(0™><™) = [^"^'^H]*- (5.57) 



Using well-known properties of linear-fractional transformations of matrices (see, e.g., 16|, Proposition 1.6.3], 
we conclude from (|5.56p, (|5.50p, and (|5.57p that [xn,j{w)]* G 2c™^"L)G„+i.j(to)i,„„[G„+i.j(io)]* ^-nd 

-^n+l, ,/(«') = '^£„,j(i)G„+i, j(t«)i™„[G„+i,j(ju)]*[£„, ,,(«))]• ('^"X™) 

= '5S'r(i)G„+i,,(»b„,„[G„+i,,W]*([>^«^^Hr)- (5-58) 

Applying again Proposition 1.6.3], we see that all terms in the equations (|5.59p below are well-defined 
and 

^(m,m) , N (,(m,m) / j,(m,m) , _ n\ 

'^G„+i,j(™)i„„[G„ + i,.,(«;)]-^ ^«+l„/j - '^G„ + i,j(t«)i„„„l'^[G„+i,j(«;)]-^ -^Ti+l„7jj 

~ '^G„ + i,j(-u))jm„, ('^■'"Xm) — ^gJ+i,j{w)(^"^^"^) ~ Kn+ij. (5.59) 

In view of Lemma 15.21 the matrix £„_j(?i;) is nonsingular. Hence 5^™'™^-! is injective and (i^g"'™^^) ^ ^ 
'^[c* ^'S-' 0, Proposition 1.6.2]). Consequently, (|5.55p . (|5.58p and 16, Proposition 1.6.3] imply 

that (iv) holds if and only if [xn,j(w)]* G 2[^^'"_^,,(^,)j„„[g,.+i„,(^,)]* and 

(m,m) 



^G^+,,.,(w)3^^[G,,+ ^,j{w)YibCn,j{w)]*) - K^+l^j. 

Due to (j5.50p and Lemma 15.21 the matrix Gn+i,,/(w)j„im [G„+i^j(ti;)]* is nonsingular. Consequently, the 
map /(lii)]* injective. Thus, taking into account additionally (|5.59p we infer that (iv) 

holds if and only if (iii) is satisfied. This completes the proof. □ 



6. Interrelations between the Weyl matrix balls connected with strict J-Potapov sequences 
and their Potapov-Ginzburg-associated Schur sequences 

In [2^, Section 5] and [23, Section 6] we have shown that via the concept of the J-PG transform there 
is an intimate connection between J-Potapov sequences and m x m Schur sequences. In the following, we 
will continue these studies by focussing on interrelations between the parameters of the Weyl matrix balls 
associated with a strict J-Potapov sequence and the corresponding Schur sequence. 

We start with some notations. Let k G No U {-foo}. In the sequel, if {Aj)j^Q is a strict J-Potapov 
sequence, then we will continue to use the notations TTnj, Pn,j, crn,J, Tn,j, ^n,j, and S)„^j introduced in 
(|5.2p - (|5.5p . (|5.10p . and (|5.1ip . respectively, for each n G No,k. Furthermore, whenever some strict m x m 
Schur sequence (-Bj)^^Q is given, then we will assign the following matrices and matrix polynomials to the 
sequence {Bj)'^^^ by specifying the corresponding settings for J-Potapov sequences in the case J = Im- Let 

7ro(w):=Bo, po(w):=/„i, (To(w) := Bq, and to(w) /,„ (6.1) 

for each w G C. If k > 1, then let for every n G Ni.^ the matrix polynomials 7r„, /?„, ct„, and t„ be given by 

^n{w) := Bo + wen-i^m{w)p-\y^^\ (6.2) 
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p„M := + we^^^(w){si''\rp-\y\^\ (6.3) 

an{w) := z^^^(5^1iW£„_i,m(w) + Bo, (6.4) 

and 

T„(u;) := zi''^Q-\{S^^\ywen^i.n{w) + (6.5) 

for each w e C, where P„_i / - s';!^\{S''^\)* and Q„_i / - (S'i^\)*S'i^V (Here the matrices 5*^^^, 

)" 



y'^\ and are defined as in (|1.2p and p.7p . respectively, with the sequence {Bj)^^Q instead of (ylj)"^Q. 



Furthermore, let 

h /„^ - BoB* and n := - B*Bo (6.6) 

and, in the case k > 1, 

In+i h - zif^Q;Mzi''^r and r„+i := n - {v^F^T P-^vi'^^ (6.7) 

for each n E Ni^k- Note that, for each n e No,k, the matrices and r„+i are positive Hermitian if {Bj)j^Q 
is a strict m x m Schur sequence. Further, for each n e Nq^k and each w E C, let the matrix polynomials Cn 
and I?„ be defined by 

CnH---htt\ ""JlV^" ^"-il (6-8) 

Urn X m v / 



and 



The special choice J = Jm in Theorem 15.81 leads to the following well-known description of the Weyl 
matrix balls corresponding to a finite strict m x m Schur sequence (see [16L Theorem 3.9.2]). 

Proposition 6.1. Let nCzNo, and let (Bj)^^Q be a strict mxm Schur sequence. Denote by Smxm\^,iBj)^^Q\ 
the set of all f £ Smxmi^) satisfying ^ ~ Bj for each j G No,n- Further, let w G D. Then the matrices 

<f„{w) K(«;)]*C+ir„(^) ~ \wf[ntHw)rr-l,nt\w) (6.10) 

and 

^r^iw) :^ pAw)r-lMw)r - kpaN(u;)Cii[aMH]* (6.11) 
are both positive Hermitian, and the identity 



{fiw) : / e 5„xm[B, {B.YI^o]} - M^niw); {w^+'V^^, VT^Jw)) 

holds true where 

Mn{w) [^r.{w)]-'{[rn{w)ri-l,a.^{w) - \wnnl:\w)r-r-l,pl:\w)), (6.12) 

Cn{w) := [$„(w)]~\ and 7^„(^i;) [^n{w)]-\ (6.13) 
Moreover, the matrix A4n{w) admits the representation 
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From now on, whenever some k G Nq U {+00} and a strict mx m Schur sequence (Sj)j=o given, then, 
for each n e No,^, let the matrix-vahied fimctions 7W„ : D ^ ^rnxm^ £„ : D -> C"^"\ and 7^„ : D ^rnxm 
be given by (jOTjl . (jO^ . and (pT^ . respectively. 

For the convenience of the reader, we will now recall the notion of the J-Potapov-Ginzburg transform 
of a sequence of matrices, which was introduced in pol . Section 5]. In the sequel, whenever some m x m 
signature matrix J is given, then let the orthoprojection matrices Pj and Qj be defined by (|4.3p . 

Now let J be an TO X TO signature matrix, and for each n G No, let the (n + 1)to x (n + 1)to signature 
matrix J[„] be given by (jl.ip . Let k £ No U {+00}, and let {Aj)j^Q be a sequence of complex mxm matrices 

with det(QjAo + Pj) 7^ 0. Then det{Q j^^.^sk^^ + Pj[„]) 7^ holds for each n e No,k, and there is a unique 

sequence {Bj)j^Q of complex mxm matrices such that (Pj^^^si^^ + Q,/[„]^ {QJ^,^]^n^^ + ^Jm^ = ^"^^ 
for each n £ Nq.k (see [2^ Definition 5.9 and Proposition 5.11]). This sequence {Bj)^^^ is said to be the 
J -Potapov-Ginzhurg transform (short: J-PG transform) of (Aj)^^Q. 

Now we formulate the announced connection between J-Potapov sequences and Schur sequences. 

Proposition 6.2. Let J be an m x m signature matrix, and let k G No U {+cxd}. 

(a) If (Aj)^^Q is a J-Potapov sequence (respectively, a strict J-Potapov sequence), then det(QjAo + 
Pj) 7^ 0, and the J-PG transform {Bj)'j^Q of {Aj)'J^Q is an m x m Schur sequence (respectively, a 
strict mxm Schur sequence) which fulfills det(Qj_Bo + Pj) =/= 0. Furthermore, {Aj)'^^Q is the J-PG 
transform of {Bj )j^Q ■ 

(b) If {Bj)'^^Q is an m X m Schur sequence (respectively, a strict mxm Schur sequence) such that 
det(Q,/i?o + Pj) 7^ 0, then the J-PG transform {Aj)j^Q of {Bj)j^Q is a J-Potapov sequence (re- 
spectively, a strict J-Potapov sequence), and {Bj)'^^^ is the J-PG transform of {Aj)j^Q. 

A proof of Proposition 16. 21 is given in [26', Propositions 5.16 and 5.17]. 

In order to derive the desired interrelations between the parameters of the Weyl matrix balls associated 
with a strict J-Potapov sequence and the corresponding strict Schur sequence, we need the following lemmas. 

Lemma 6.3. Let p,q G N, let A be a nonsingular matrix from <C^P+i)^iP+i) ^ Suppose that Kpxg ^ 
and iS^''^'' (Kpxg) = Kpxg are fulfilled. Then there exist a positive real number A and a jpq-unitary matrix 
U such that A = XU is satisfied. If, additionally, S^''^\Opxq) = Opxq holds, then there are unitary matrices 
Ui G CP^P and U2 G C^^p such that A = Adiag(C/i, U2) is fulfilled. 

Proof. Let the block partition of A be given as in (I5.24p with p x p block An. In view of Opxq G Kpxq Q 
Q^J'''^ we have det A22 ^ 0. Hence det(/g + A22A21X) ^ holds for each X G IKpxg- Thus, Remark [5Jl 
yields that A22A21 is strictly contractive. Let V := AjpqA* , and let the block partition of V be given as 
in (|5.24p . where Vn is a. p x p block. Then Lemma [5.41 provides us det V22 7^ and IKpxg = (Kpxq) = 
i^(M; VI,a/R), where M := Vi2V22^ , L := Vn - V\2V22^i\ > Opxp, and R := -V^^^ > Og^g. Thus, taking 
into account Kpx n = A{Opxq', Ip, Iq) and using well-known properties of matrix balls ([sl, Theorems 1.1 and 
1.3], see also [l6|. Corollary 1.5.1 and Theorem 1.5.2]), we obtain M = Opxg, L = pip, and R — jIg with 

some positive real number p. This implies V — pjpg. Setting A := ^/p and U :— jA, we get therefore 
U jpqU* — jpg. Consequently, U is jpg-unitary. Thus, the first part of the assertion is verified. Now suppose 

s'^''^\Opxg) — Opxg. Then it follows immediately that A12 = Opxq holds. In view of A* jpg A — X^jpg it is 
then readily checked that the second part of the assertion is true. □ 

Lemma 6.4. Let p,q e N, let A,B e c(?'+'?)^(p+«) be such that |dctA| = |dctS| ^ 0. Suppose that 
Kpxg ^ Q^'''' n Q^'^^ and (Kpxg) = Sg''^\Kpxg) are fulfilled. Then the matrix B^^A is jpg-unitary. 
If, additionally, S'^''^\Opxg) = Sg''^\Opxq) holds, then there are unitary matrices Ui G C^^p and U2 G C^'' 
such that B~^A = diag(C/i, U2) is fulfilled. 
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Proof. Using well-known properties of linear fractional transformations of matrices (see, e.g., [l6t , Propo- 
sitions 1.6.2 and 1.6.3]), it follows Kpx? C Q^^^}}^ and s'^^L^} ^{K^yq) = s'^^L^} {sf''\Kpyq)) = Kpx?- Thus, 
from Lemma 16.31 we infer that there are a positive real number A and a jp^-unitary matrix U such that 
B-^A = XU is fulfilled. In view of | dett/| = 1, this implies Ap+« = dctBMdit[/| = 1' i-^- ^ is jpq- 

unitary. Now suppose 5^'*'(0pxg) — S^B ''^\^py.q)- Then S^g'-'iAi^pxq) = Opxg follows, and Lemma lOl vields 
the remaining assertion. □ 

Lemma 6.5. Let J be an mxm signature matrix, let n G Nq, and let {AjY^^q be a strict J-Potapov sequence. 

/ C C \ 

Let C : D ^ (^2mx2m ^ holomorphic matrix-valued function, and let C = [ ^ ^ ] be the block 

decomposition of C into mxm blocks. Suppose that there is some Wq G H'") satisfying TS^mxm ^ Qc{wi))' 
that 

Vj,oP, (A,)7=„] = {{CnS + Ci2)(C2i5 -t- C22)-' : S G 5™x™(©)}, (6.14) 

and that \ detC(ii;)| = | det£„^j(w)| holds for each w G D. Then there exists a jmm-unitary matrix U such 
that 

C = £„,j[/ (6.15) 

is satisfied, where €.n,j denotes the restriction of €nj onto D. //, additionally, Ci2C^2^ coincides with 
the J-central J-Potapov function corresponding to {Aj)^^Q, then U = diag([/i, U2) holds with some unitary 
mxm matrices Ui and U2. 

Proof. Because of IK^xm Q 2^^^], we have detC22(«^o) 7^ and det(/ -1- C22{wo)C2i{wo)K) ^ for 
each K G Kmxm- Since H^"^ is open in D (see Theorem 15. 8p . Remark 15.71 and a continuity argument yield 
the existence of a positive real number r such that K{wo, r) := {uj G C : \w — wo\ < r} C- H^"^ and K^xm ^ 
^ciw)^ for each w G K{wo,r). In view of Theorem 15.11 and (|6.14p . this imphes Kmxm ^ 2^™'™,^) H Q^^^ 
and 

4:;."i)(it^™x™) = {/(^) ■■ f e ^xo[B, (A,)7=o]} - 47»T'(^™x™) 

for each w G K{wo,r). Furthermore, from Lemma [5.21 we get |detC(w)| = |det£„_j(w)| 7^ for each 
w G K{wo,r) \ {0}. Let h := €^^jC. An application of Lemma (HH] provides us then that h{w) is a jmm- 
unitary matrix for each w G K{wo,r) \ {0}. Thus, using well-known properties of Potapov functions (see, 
6-g-, [161 Corollary 2.4.1]) we can conclude that /i is a constant matrix-valued function in B with jVnm-unitary 
value, i.e., there is a jmm-unitary matrix U such that (|6.15p is satisfied. Now assume that Ci2C^2^ coincides 
with the J-central J-Potapov function corresponding to {Aj )"^q . Then Theorem 12.51 (in combination with 

^M-GM) implies 5^™J^^(0mxm) = Ci2(w)C^2^(ii;) = 5^"'™^)(0mxm) for each w G K{wo,r). Because of 
(16.151) . LemmainiHyields finally the existence of unitary mxm matrices Ui and U2 such that U = diag(t/i, U2) 
is satisfied. □ 

In the sequel, if some mxm signature matrix J is given, then let 

?.;) ...(-; X 

Now let some strict J-Potapov sequence {Aj)"^Q be given, and let (i?j)"^o ^'^ its J-PG transform. Then 
we will study the interrelations between the matrix polynomials £„^j and T)n,j defined by (|5.10p and (|5.1ip 
on the one hand, and the matrix polynomials C„ and I?„ defined by (|6.8p and (|6.9p on the other hand. Here 
we will use the well-known notion of central mxm Schur functions. Observe that, if an n G No and an 
mxm Schur sequence (Bj )"^q are given, then the central mxm Schur function corresponding to {Bj )"^q 
is just the /„j-central /,„-Potapov fimction corresponding to (the /„i-Potapov sequence) {Bj)"^Q. 
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Proposition 6.6. Let J be an m x m, signature matrix, let n G Nq, and let (v4j)"^g be a strict J-Potapov 
sequence. Let {BjY^^Q be the J-PG transform of {Aj)^^Q. Then (-Bj)"^Q is a strict m x m Schur sequence 

and the matrices Ui := ^i„+i,j(i?oQ,7 - Pj)*\/L+i ^ and U2 ^i?„+i,j(Q,/i3o + Pj)^/rn+i~^ are 
unitary. Moreover, 

AjCn = €njU and I?„6j = F*D„,j (6.16) 
holds, where U :— diag(— fJi, U2) and V :— diag(— 1/2, C/i)- 

Proof. In view of Proposition 16. 21 (-Bj)"^o ^ strict mx m Schur sequence. Denote by C„ the restriction 
of Cn onto D. Let AjCn — -"ii^ -"2^ 1 be the block partition of AjCn into mx jn blocks. Due to [261 
Theorem 7.4], we have K^xm Q 2^4^'c"(o) ^'^'^ 

7'xo[B,(A,);U] = {(ci"J^ + cS)(C?> + Ci)"' ^ ^ e 5„x™(IQ))}. 

An application of Lemma [5.21 vields det(C„(ui)) = ui'"+^^™ — det(£„_j(w)) for each w E C Because of 
A?j = I we get I det^jj = 1 and therefore | det(^jC„(w))| — \ det(£„^j(u;))| for each w G B. Furthermore, 
let fc,n be the J-central J-Potapov function corresponding to (A,)"_n. and let gc.n be the central m x 
m Schur function corresponding to {Bj)"^Q. Then a combination of |27l . Proposition 6.9, Remark 6.7] 

and [ii. Theorem 1.2] provides us fc,n{w) G 2^/"^ 0,„xm € Qcl0,^ ^nd 5_^™''"^(/c^„(w)) = gc,n{w) = 



5^™'™j^(0mxm) for each w e H/^ Thus, using pjj. Propositions 1.6.2 and 1.6.3] we obtain Omxm € Q^^^c"!) 

and fcAw) = '5_^"c7»)'^^"'><™) ^^"^ ^^'^^ ^ ^ %c,„: i-e-, fc,n = ci^, j j ) ~ ^ holds. Hence an application of 
Lemma 16.51 provides us the existence of some unitary m x m matrices and such that 

AjCn = e:„,jdiag([/°, U^). (6.17) 

Comparing the right lower m x m blocks and the left upper m x m blocks in (j6.17p we get 

(QjTTji + P.JPn)y/rn+l^^ = PnJ\/Rn+l,.J ^ ■ (6.18) 

and (Pjfji"' + Qj(T|r')-\/^n+i ^ = J^l^j^/Ln+ij ^U\^- The latter equation implies 

yi;:7r"\T„Pj ~ = (t/P)*/L;;7w"V„,j. (6.19) 

In view of t„^j(0) = Pn.j(O) = t„(0) = /Ori(O) — Im and it„(0) = 7r„(0) = i?o, we obtain therefore from (|6.19p 
and (|6.18p that the identities — —Ui and t/^ = U2 hold. Consequently, Ui and are unitary, and 
(|6.17p imphes the first equation stated in (|6.16p . 

Further, taking into account [2^, Lemma 5.4], we get 

'i^n,j{w)UmraUj{w) = W-^+^Umm and I?„ (u;) t/™™C„ (w) = (6.20) 

for each w g C, where C/mm is given by (|5.42p . Obviously V* — UmmU^^Umm holds. Further, a short 
calculation yields BjUmmAj = —Umm and ?7^m = ^-^2m- Having this in mind, it can be readily checked 
that (|6.20p and the first equation in (|6.16p imply the second equation stated in (|6.16p . We omit the details. 
Thus, the proof is complete. □ 

Now we are able to derive the desired interrelations between the parameters of the Weyl matrix balls 
associated with a strict J-Potapov sequence (Aj)"^Q and its J-PG transform. 
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Proposition 6.7. Let J be an m x m signature matrix, let n G Nq, and let (v4j)"^g be a strict J-Potapov 
sequence. Furthermore, let {Bj)'^^^ be the J-PG transform of {Aj)"^Q. Then {Bj)'j^Q is a strict m x m 
Schur sequence and, for each w € M^'^\ the identities 

Cn,j{w)^({Mn{w)Qj - Pjy[Cr.{w)r\Mn{w)Qj - P/) - Q,/7^„ («;) Q j) (6.21) 

nr,,j{w) = ({QjMn{w) +Pj)[TZ,,{w)]-\QjMn{w) +Pjy - |u;p("+i)P;£„(u;)Pj) (6.22) 
Mn,j{w) = ({PjMnH + Qj)[nr,{w)]-\QjMn{w) + Pjr " |«; (u.) Q j) 7^„, J («;) , (6.23) 

and 

Mn,j{w)^Cr,,j{w)({Mn{w)Clj - Pj )*[£„(«;)] (Qj - Mn{w)Pj) + |^«|2("+l)Q,,7^„(«;)P7) (6.24) 
hold true. 

Proof. Proposition 16.21 shows that (i?j)"^Q is a strict mx m Schur sequence. In the case w = {) formulas 
(|6.2ip and (|6.22p are an immediate consequence of [i^, Proposition 6.4], wheras (|6.23p and (|6.24p follow from 
(|OT|) . and [26, formula (2.6) and Remark 2.1]. Now suppose w G H(")\{0}. Because of LemmalOlwe 

have dei€„,j{w) ^ 0. Let W := \<in,j{w) Y* 2r,im \^nj{w)Y^ and V := £n,j(w)jmm[£n,j(w)]*, and let the 
block partitions of W and V be given as in (|5.24p with m x m blocks Wu and Vn. In the same way as in the 
proof of Theorem l5.8l we see then that Wu and V22 are nonsingular and that (|5.44p is fulfilled. Furthermore, 
from part (a) of Theorem l5.8l and Lemma [??^ (see formula (|5.26p ) we get ¥22^ — W22 — W^f^^ W12. Hence, 
using (|5.44p and 16, Lemma 1.1.7], we obtain 



[€n,j{w)] *jmrn['^n.j{w)] ^ 

^(I -X„,j(«;)\Y|«;r2(«+l)[£„_^(^)]-l \ // -MnA^) 

\0 I ) \ -Ur^jH) \0 I 

Since (Bj)J^Q is a strict /m-Potapov sequence, (j6.25p implies in particular 

[Cn{w)r J mm [Cn{w)] 

'I -Mn{w)Y f\w\-^^^+^^[Cniw)]-^ \ fl ~Mn{w) 



(6.25) 



I J K -n.n{w)j vo I J' ^^'^^^ 

Furthermore, from Proposition 16.61 it follows that there is a j„im-unitary matrix U such that AjCn{w) = 
j(w)U is satisfied. In particular, U is invertible and U^^ is j„„„-unitary as well. Consequently, in view 
of>j = /, 

[^n,jiw)Y*Jmm[^n,jiw)]~' = [€n , J (w)]- * U ' * j m^^U ' ' [€n , J {w)Y ' 

= Aj[Cn{w)Y*Jmm[C„iw)]-^Aj (6.27) 

holds true. Combining (|05)) . (p?^ . and (pTTT]) . we get 

/ \ [[Cn.jiw)]-^ \ // -Mn.j{w) 

-iMnj{w)y I J { -|u.|2(«+l)7^„,J(«;)y {O I 

{Pj-Mn{w)Qjr Qj\ {[Cniw)]-^ 
{Qj-MnHP.;)* Pjjy -|«;|2(«+l)7^„(^«) 

Pj-Mn{w)qj qj-Mn{w)Pj 
Qj Pj 



(6.28) 



Comparing the left upper m x m blocks and the right upper mx m blocks in (|6.28p . we obtain (|6.2ip and 
(|6.24p . Equations (j6.22p and (|6.23p can be proven similarly. □ 
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Note that Proposition 15.111 includes in particular the case of strict m x m Schur sequences. This fact 
suggests the following observation. 



Remark 6.8. Let J be an m x m signature matrix, let n E N, let {Aj)^^Q be a strict J-Potapov sequence, 
and let w G H'^"^. Furthermore, let {BjY^^f^ be the J-PG transform of (^j)"^o- Denote by /c,„ the J- 
central J-Potapov function corresponding to (Aj)"^Q, and let Qr^n be the central m x m Schur function 



corresponding to the strict m x m Schur sequence {Bj)"^Q. From [27|, Proposition 6.9] and 26, Proposition 
3.4] we know that det{Qjgc.n{w) + Pj) ^ and fc,n{w) = {Pjgc,n{w) + Qj){Qjg c,n{^ ) + Pj)~^ hold. 
Hence, if Cn-i.jiw) — Cn,.j{w) and Cn-i{w) = Cn{w) are satisfied, then Proposition 15 . 1 ll and the (trivial) 
identities 7W„,j(0) = /c,n(0) and 7W„(0) = gc,n(0) imply 

MnAw) = (PjAl„H + Qj)(QjA<„H + Pj)"^ 



7. Limit behaviour of the Weyl matrix balls associated with a nondegenerate J-Potapov func- 
tion 

In this section we are going to study the limit behaviour of the parameters of the Weyl matrix balls 
associated with a given nondegenerate J-Potapov function. 

In the following, if / is some mx m matrix- valued function which is holomorphic at 0, then the sequence 
{Aj)j°^Q in the Taylor series representation (|1.3p of / around the origin will be shortly called the Taylor 
coefficient sequence of /. 

Let J be an m x m signature matrix. A J-Potapov function / in D will be called nondegenerate if it 
belongs to 'Pjfl{^) and if the Taylor coefficient sequence of / is a strict J-Potapov sequence. In the sequel, 
we will write P,/,o,oo(ID') for the class of all nondegenerate J-Potapov functions in D. Furthermore, whenever 
some / e 7^,7.0, oo(U) is given, we will use the following notations. For every n e Nq, let 

hJ"^= fl H^, (7.1) 

¥'eT'.7,o[B,(A,)5'^„] 

where {Aj)°°^Q is the Taylor coefficient sequence of /, and let the matrix- valued functions Mn,j '■ Hy"-* 

C™""", Cnj ■■ H^"^ ^ c™x"', and 7^„,J : hJ.") -> C™><™ be given by (jOil) . (lOSl) . and (I07|) . 

respectively. 

Lemma 7.1. Let J be an m x m signature matrix, and let f G Vjfl.ooi^) ■ Then, for each n G No, the set 

H^"' is open in B with G H^"^ and H^"^ C H^"+^^ Furthermore, H/ = IJ H^"^ holds true. 

71 — 

Proof. Taking into account (17. ip and part (a) of Theorem l5.8l we see that, for each n G No, the set H^"'' is 
an open subset of B with G H^"' and that H^"^ C H^"+^^ holds for every n G Nq. Obviously, [j H^"^ C H/ 

n— 

cx; , , 

is valid. Now let w G H/, and assume that w ^ [J Mj . Let {Aj)°^Q be the Taylor coefficient sequence of 

n— 

/. Then, for each n G No, there is a (pn G Vj^l^, {Aj)'j^Q] such that w ^ ^ip„, which contradicts Proposition 
12.21 Thus, the assertion follows. □ 

Proposition 7.2. Let J be an m x m signature matrix, and let f G 'P,/,o.oc(I'')- Further, let w G Hy. In 
view of Lemma \ 7. 1\ let uq G No be such that w G Ely"'' for each n G N„„.oo- Then: 

(a) The sequences (Cn. J {w))^^^^_^ and {TZn,j{w))'^^no o,fe both monotonously nonincreasing. In particular, 
the limits 

Cj{w) :— lim Cn.,j{w) and TZ,j{w) :— lim TZnj{w) (7-2) 

exist and are both nonnegative Hermitian. Moreover, det Cj{w) — detTZj{w) is satisfied. 
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(b) The sequence (A^n,j(u'))5^„„ converges and lim Mnjiw) — f{w) holds. 

Proof, (a) The assertion of (a) is an immediate consequence of Theorem 15.81 and Proposition lS.llI 
(b) Part (a) impUes in particular 



Hm |u;r+\//:„,jM =0„xm. (7.3) 

n — *oc V 



For each n e N„(,_oo, let An{w) := A(^Mnj{w); |w|"+-^-\/£„^j(w), yjTZn,j{w))- Then Thcorem IS . SI provides us 
C Anjw) for each n € Nn„,cx>- Hence, using a well-known result from the theory of matrix balls ((ssj. 
see also, e.g., [ly, Theorem 1.5.3]), we obtain that the sequence (A^n,j(w))5^„jj converges to some complex 



TO X m matrix A4j{w) and, in view of (a) and (|7.3p . that P| M.n{w) = M.[A4j{w); Omxm, y/T^jiw)) = 

n—no 

oc 

{M liw)}. Finallv. since Theorem [5^ imphes f(w) € p| Kniw), we get f{w) = Mj{w). □ 

n—no 

Denote by 5™ xm, 00(10) the class of all nondegenerate m x m Schur functions in D, i.e., the class of all 
g £ Smxmi^) whose Taylor coefficient sequence is a strict mxm Schur sequence. Obviously, Smxm.,oo{^) = 
'Pim.,o,oo{^) holds true. In the sequel, whenever some g G Smxm,oo{^) is given, then let, for every n £ Nq, 
the matrix- valued functions 7W„ : B ^ C"^™, £„:!]) ^ C™^",' and 7^„ : B ^ C™^'" be given by (jgl^ . 
(|6.1ip . (|6.12p . and (j6.13p . respectively, where {Bj)^^ is the Taylor coefficient sequence of g. 

Choosing J = we reobtain from the above proposition the corresponding well-known statement for 
mxm Schur functions in B (see [ISj, Theorems 3.11.2 and 5.6.1]), i.e., if 5 G 5„ixm, 00(B), then the sequences 
{Mn{w))^^Q, (£„(w))^Q, and (7?.„(w))^o converge for each w e B. Moreover, for each w e B 

lim Mn{w) = g{w) (7.4) 

n — >oo 

holds and the limits 

L(w) := lim £„(w) and TZ{'w) := lim TZn{w) (7-5) 

n — >oo n — 'oo 

are nonnegative Hermitian. 

Let us now consider some mxm signature matrix J and a function / G 'Pj,o,oo(B). According to [26l 
Proposition 6.3], the function 

5:= (P,;/ + Qj)(Qj/ + Pj)-i (7.6) 

is well-defined and belongs to 5™ xm, 00(B). We will now describe the interrelations between the limit semi- 
radius functions Lj and TZj associated with /, which are given by (|7.2p . and the limit semi-radius functions 
C and TZ associated with 5, which are defined in (|7.5p . 



Proposition 7.3. Let J he an mxm signature matrix, let f G "Pj.o. 00(B), and let the functions Cj : Hy —>■ 
C™""™ and TZj : H/ ^ £rnx,n g-^^^ Further, let g he defined by (Tj), and let the functions 

£ : O _> c™x™ andn-.O^ i^mxm g^^^^ j^j^^^^ g^^/^ ^ ^ jj^.^ ^^^^ matrices g{w)Qj - Pj 

and Qjgiw) + Pj are nonsingular, and 

Cj{w) = {g{w)Clj - PjY^C{w){g{w)Cl,j - Pj)'* (7.7) 

and 

nj{w) = {djgiw) + Pjy*n{w){Cljg{w) + Pj)"' (7.8) 

hold true. 

Proof. Let w G H/. From [2^, Proposition 3.4 and Remark 2.1] it follows that the matrices g{w)Qlj — Pj 
and Qjg(w) + Pj are nonsingular. Let (Aj)°^g (respectively, {Bj)^^) be the Taylor coefficient sequence 
of / (respectively, g). Then from [26|, Remark 6.1 and Proposition 5.11] we infer that, for each n G No, 

40 



(-Bj)"^o J-PG transform of (Aj)'j^Q. In view of Lemma 17. 1[ let no e N be such that w £ H^"^ for 

each n g N„(,^oo- Now let n e N„o^oo- Then Proposition 16.71 shows that (|6.2ip and (16.22p hold. Because 
of Theorem 15.81 and Proposition 16. II the matrix Hn^j{w) := [Cnjiw)]~^ + |wp'"+^'Q,/7?.„(u;)Q,7 is positive 
Hermitian. Hence (|6.2ip implies 

Cn,j{w) (/ + |«;p("+l)QJ7^„(u;)QJ/:„,J(«;)) 

= [Hn^j{w)]-^ = ((X„HQ,7 - Pjy'Cn{w){Mn{w)Qj - Pj)~*. (7.9) 

Having in mind (|7.4p . formula (|7.7p follows from (|7.9p by taking limits for n cx3. Using (|6.22p . equation 
can be shown analogously. □ 



In view of Proposition 17.31 the following statement follows easily from the corresponding well-known 
result for m x m Schur functions in D. 

Proposition 7.4. Let J be an mx m signature matrix, let f g Vjfl.ooi^), and let the functions Cj :Wf —f 
£7nxm : Mf ^ ^mxm given by |y.g| j. Then the Junctions rank£/ and rank??./ are constant in 

Proof. According to 0, Proposition 6.3], the function g given by (j7.6p is well-defined and belongs to 
5™xm,oo(in')- Let the functions £ : © ^ C"^™ and 7^ : D ^ ^mx™ gj^g^^ ^^y Then [H, Theorem 

3.11.2] shows that the functions rank>C and rank??, are constant in D. Thus, an application of Proposition 
17.31 yields the assertion. □ 

The proof of Proposition 17.41 is mainly based on [IQ, Theorem 3.11.2]. A closer analysis of t he p roof of 
[lil Theorem 3.11.2] shows that the assertion is a consequence of a famous result due to Orlov [sj on the 



limit behaviour of the parameters of a sequence of nested matrix balls (see also [16|, Section 2.5]) 



Remark 7.5. Let J be an m x m signature matrix, let / e 'Pj.o,oo{P), and let the functions Cj : H/ ^ 
C"^" and 7^J : H/ ^ ^mx™ ^^^^^ r^,^^^ PropositionO shows in particular that rank/:j(0) = 

m if and only if rank7?,j(0) = m. The trivial example of a constant function / defined on D with some 
strictly J-contractive value yields Cj{Q) = J — JAg ^^"^ T^j{^) = J ^ ^o^^o- Hence there exists an 
./ e 'P,/,o,oo(B) with rank/:.7(0) = rank7^.7(0) m. 

Remark 7.6. Let J be an to x m signature matrix, let n G No, and let (Aj)"^Q be a strict J-Potapov 
sequence. Let the matrix polynomial £„^,7 be given by (|5.10p . and let Xn.j be defined by (|5.27p . Let 
w € H*^"'^ In view of part (a) of Theorem 15.81 Xn,j{w) is a (well-defined) strictly contractive matrix. For 
each « e © with ~[xnAw)Y G Q^^Sl) 

Uv):^s'£^"^]^^^{~[XnA^)Y) (7.10) 

Then Theorem 15.11 implies that formula (|7.10p defines a matrix- valued function meromorphic in D with 
= G D : -[XnAw)]* e Q^Z7(v)} and that G T'j.op, (Aj)"=o] holds. Let A„+i := A/„+i,j - 
^ Ln+i,j[Xn,j{w)]* ^ Rn+i,j . Sincc - j(w)]* is strictly contractive, 0, Theorem 3.9] yields that (Aj)"i'o 
is a strict J-Potapov sequence. Moreover, from Corollary 12.81 and (|5.6p - (|5.9p we can conclude that /„, is 
the J-central J-Potapov function corresponding to {Aj)^^^. In particular, [27, Proposition 5.3] implies 

e ^xo,oo(E'). 

The following two results were inspired by [23, Theorem 7.3, Corollary 7.4]. 

Proposition 7.7. Let J be an m x m signature matrix, let ?i G No, and let (Aj)"^o strict J-Potapov 
sequence. Let f G T'xoP, (^j)j=o] ^ Vj^o.ooO^), and let w G H^"'. 
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(a) The following statements are equivalent: 

(i) f coincides with the matrix-valued function defined in Remark \7.6\ 
(ii) Ck,j{w) = Ck+ijiw) for each k G N„,oo- 
(Hi) TZkj{w) = TZk+ij{w) for each k e N„,oo- 

(iv) Cn^.j{w) = Cj{w). 

(v) Tlnjiw) = Tljiw). 

(h) Let w ^ 0. Further, denote by {Aj)°°^Q the Taylor coefficient sequence of f . Then (i) holds if and 
only if M.k+i,j{w) = fc,k+i{w) for each k e N„^oo, where fc,k+i stands for the J-central J-Potapov 
function corresponding to {Aj)^^^. 

Proof. For each k e No, let the matrix polynomials TTk.j, Pk,j, ffc,j, Tk,j, ^k,j and the matrix-valued 
function Xk,j be defined by (|5.2p - (j5.5p . (|5.10p . and (j5.27p . with respect to the strict J-Potapov sequence 
(Aj )j^Q. Further, for each fc g N, let Kk^j be given by (|5.15|) . and let the matrix polynomial Gk,.j be defined 
by (j5.13p . Part (a) of Theorem 15.81 yields detp^^ j(u') 7^ for each k € N„^oo- Thus, we obtain w g ^xk,n 
Omxm € ^^'^ Xkjiw) = '^e^j'{w)iOmxm) for cach fc G N„,oo- Hcuce, using (|5.12p . (|5.13p . and 

well-known properties of linear-fractional transformations of matrices (see, e.g., [lil Proposition 1.6.3]), we 
get Xk,j{w) e 7^[?;^"^^(^) and 

/ \ rr(m,m) /„ N _ rj-(m,m) /„ n 

rT-{m,m) ^rT-(m,m) /,-. \\ ^(m.m) / / \\ 

= ^g.+,,.m(^cV.w(0™x™)) = T^,^^ ;(^)(Xfc„7(z«)) 

= WyjRk+2J\/Rk+l,J ^ {xk,j{w)Kk+l,J (Xk,j{w) + KIj^^j^^J Lk+l,J \/ Lk+2,J ^ (7.11) 

for each k e N„.oo- 

(i)^(ii): In view of (i), Remark 17.61 vields 



An+l = Mn+l^J - \J L„+i^ J [x«, j(w)]* a/ Rn+\,J (7-12) 

and therefore Xn,j(^) — ^-^n+i /• Moreover, from Remark l7.6l we know that / is the J-central J-Potapov 
function corresponding to {^Ajfj^- Thus, (27l . Proposition 4.1] implies Kk+\^j — Omxm for each k G N„+i^oo- 
Taking into account (|7.1ip . we get inductively Xk+i,j{w) = mxm for each k € oo- Thus, we have shown 
that Xk,.j{'w) = —K^j^^ J for each k S N„^oo- Therefore, Proposition 15. 1 II vields (ii). 

(ii)=^(i): In view of (ii), Proposition 15.111 provides us Xk,j{w) = —K'^^^^ j for each k S N„^oo- Thus, 
from (|7.1ip wc obtain Xk+i,jiw) — Omxm and hence Kk+2,j — Omxm for each k G N„,oo- Consequently, 
(2^ . Proposition 4.1] implies that / is the J-central J-Potapov function corresponding to {Aj)"j^Q. Further, 
because of Xn,j{'w) = —Kn+i.j '^e see that (I7.12p holds. Therefore, Remark 17^ vields (i). 

Furthermore, the equivalences (ii)<^(iii), (ii)<^(iv), and (iii)<^4>(v) follow immediately from Proposition 
15.111 Thus, part (a) is shown. Finally, part (b) is an immediate consequence of part (a) and Proposition 
[5JT] □ 

Corollary 7.8. Let J he an m m signature matrix, let n G Nq, and let {Aj)'^^Q he a strict J-Potapov 
sequence. Further, let w G H'-"-', and let f^ be defined as in Remark \7.6] Then 

Mk,j{w) = f^{w) 

(k) 

holds for each k G Nn,oc? where the matrix-valued function Aik ,J : Cmxm 

defined with respect to 

fw • 

Proof. The case w — is obvious. Now let w ^ 0. Because of Remark [7j6j we have f^ G T-'j^oPj (^j)?=o]- 
Thus, Theorem K8\ provides us (|5?38)) . Having in mind (TTTO)) . (I5J0)) . ((07|l . and ((08)) . a straightforward 
calculation yields 

fM = 4r;;(t)( - [Xn.jMV] = Mn.jH. (7.13) 

Thus, the assertion follows from (|7.13p . Remark 17.61 and Proposition [7771 □ 
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